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1. INTRODUCTION

Suppose throughout that {p,} is a sequence of non-negative numbers
with py >0, that
P,:=Y pp— oo,
k=0
and that

p(x):=Y px"<oo for O<x<l.
n=0

Let {s,} be a sequence of real numbers.
The weighted mean summability method M, and the power series
method J, are defined as follows:

s,—s(M,) (and {s,} is said to be M -convergent) if

%nkgol’ksk—’ﬁ
s,—s(J,) (and {s,} is said to be J,-convergent) if 32 ,p,s,x" is
convergent for 0 < x< 1 and
1 2 i
p(x)ngop,,s,,x s as x-—1-—.
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It is known that both methods are regular (see [5, pp. 57, 80]), and (see
[6]) that s, — s(M,) implies s, — s(J,). The following Tauberian theorem
concerning the reverse implication is also known [3].

Tueorem T. If s,—s(J,) and 5,> —H for n=0, 1, .., where H is a
constant, and if

lim 2&0)

x=1- p(x)

then s, = s(M ).

=4,>0 for m=2 and m=3, (1)

It follows from Theorem 1.8 in [9] that the integers 2, 3 in (1) can be
replaced by any pair of positive numbers a, b#1 such that log, b is
irrational. It was proved in [3] that

2
lim 29 (2)
x=1- p(x)
alone does not imply (1) when 0 <A < 1, though (1) and (2) are equivalent
when A=1. In answer to a question raised in [3] we shall show that
Theorem T does not remain valid when (1) is replaced by (2) with
0<i<l.

In Section 3 we construct, for each Ae€(0, 1), a function p(x) which
satisfies (2) and a sequence of positive numbers {s,} which is J,-convergent
but not M -convergent.

In Section 5 we show that if p, :=e%"™, where g(x) is a logarithmico-
exponential function (see [4]) such that g'(x)—0 and xg'(x)— o0 as
x —» o, then p(x) satisfies (2) with A =0 (and consequently
lim, ., (p(x")/p(x))=0 for all £>2), p, increases faster than any power
of n, and (cf. Lemma 2 in Section 2) P, ,~ P,— oo, but the conditions
5,20 and s, - s(J,) do not imply that s, — s(M,). This result is a conse-
quence of the fact that different limitation theorems hold for the two sum-
mability methods. The limitation theorem for the weighted mean method is
well known. A limitation theorem for the power series method is derived in
Section 4, while in Section 5 the asymptotic behaviour of the limitation
order is determined for non-negative J,-convergent sequences for the func-
tion p in question. The key to this analysis is Theorem Al, which deals
with the asymptotic behaviour of certain Laplace transforms. Proofs of the
asymptotic results are relatively straightforward and have been omitted.
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2. PRELIMINARY RESULTS

LemMa 1. Suppose lim,, ,  (P,/P,,,)=A, where m is a positive integer.
Then

i P
x-—1— p(x)
provided either (i) A=0or (ii) P, ~P,.

Proof. Case (i). Let P(x):=Y_, P,x". Define a sequence {s,} by
setting s, := P,/P, when n=mk, k=0, 1, ...; s, :=0 otherwise. Then s, —» 0
and so

1 2 P(x™)

—_— P,s,x"= -0 as x—-1-—.
P()C) ngo P(x)

Since p(x)=(1—x) P(x) for 0 <x <1, it follows that

pO™)_(1=x™) PG™) o
L

This completes the proof of Case (i). Case (ii) has been proved in essence

in [2]. 1

LemMA 2. If p,>0 for n=0, 1, .. and the sequence {P,, ,/P,} is not
convergent to 1, then the sequence {p, . /p,} is J,convergent to 1 but not
M ,-convergent.

Proof. Lets,:=p,,./p,. Then

,,_P(x)—l’o
BP0 g

1 o0
— PrSpx" = as x—-1—,
p(x) Eo xp(x)

ie., s,— 1(J,). On the other hand,

does not converge to 1. Hence {s,} is not M ,-convergent, since s, - s(M,)
implies 5, - s(J,). 1
3. CONSTRUCTION

For each A€ (0, 1) we shall construct a function p(x) satisfying (2) such
that the sequence {p,, ,/p,} is J,-convergent but not M -convergent.
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Let u:=1/4>1. Define a sequence {Q,} recursively by setting @, :=0,
Q,:=1and

Q,,H___{u when n+1=2% k=1,2, ..,
0, 1 otherwise.

Let Q(x) =37 ¢ Q,x" and g(x) := (1 — x) Q(x). Suppose that
2kgn<2k+ L,

Then it is easily verified that @, = u* so that

R =

n

nM:

i +(n+1=2%u*

0

_ kfA—k, l
= (2u) (2 n 1+2#‘1+0(1)>’

r

and, since 21 < 2n < 2%+2,

1
Rz,,=(2u)"“(2"‘n—1+ +0(1)).
2u—1

Since
1 2u
0<——<2"*n—1 K
R I o B
it follows that
Rn 1 A Rn—l Qn
—== SnolopoXn,g
R, -z W g R,

Also R, — o0 and 0 < Q(x)< oo for 0 <x < 1. Hence, by Lemma 1(i1),

0" 4
0(x) 5 as x—1—,
and consequently
q(x*) o)
—=(1 —>1—.
q(x)(+)Q()A as x-1

Now define p(x):=g(x)+e*, and note that P,>Q, — cc. Then p(x)
satisfies (2). Further p,>0forn=0, 1, .., and {P,, ,/P,} is not convergent
since {Q,,,/0,} is not convergent. Hence, by Lemma 2, the sequence
{Pn+1/P.} 1s J,-convergent but not M -convergent.

409/139/1-13
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Remark 1. It is easy to show (with the aid of Lemma 1(i)) that, if in
the above construction we replace u by u* in the definition of 0, , ,/Q,, we
obtain a function p(x) satisfying (2) with A=0 for which p,>0 and
{P,,/P,} is unbounded, so that {p, ,/p,} is J,-convergent but not
M ,-convergent. However, the case for which (2) is satisfied with 4 =0 while
P, ~ P, is dealt with in Section §.

4, LiIMITATION THEOREMS
The following result is well known (see [S, p. 57] or [8, Theorem I1.3]).

TueoReM L1. If's,—»O(M,), then p,s,=o(P,).

Next, we derive a limitation theorem for the J,-method. We shall use the
notation
4,:= inf p(¢)t™" for n=1,2,...
O<r<l1

LEMMA 3. The sequence {4,} has the following properties:
(i) 4,2P,- o;
(ii) X5, 4,x" has radius of convergence 1;
(iit) 4,=p(t,)t, " for some t,€ (0, 1) such that
"< 4,/4,<t;7" for mn=12,.;
(iv) the sequences {4,}, {4,/4,,.}, and {t,} are non-decreasing with

lim 4,/4,,,= lim 1,=1.

n—

The proof of this lemma is straightforward.
THeOREM L2. (i) If's,20 for n=0,1,.. and 5, 0(J,), then

pnsn= O(An)'

(i) If {4,} is any sequence of positive numbers converging to 0, then
there is a sequence {s,} of non-negative numbers such that s, — 0(J,) and
{puSp/An 4,} is unbounded.

Proof. (i) The hypotheses imply that

PuSu PuSuli 1 & .
0 = < Pisity =0,
4, plt,) p(mEo o

since ¢, > 1 — by Lemma 3(iv).
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(ii)) Let {n,} be an increasing sequence of positive integers such that
P, >0and X4 /4,, < oo, and define

{\/:1‘,, A4,/p., if n=n,k=0,1,.,
§, = 0

otherwise.

Then {p,s,/%,4,} is unbounded. Further

1
0<11msup——~ Z PuSnt

f—1— P(

< p() Z p"ks"k+ Z \/~

14[—

oA

=Y Ji,~0 as N-o oo,

k=N
and hence s, - 0(J,). §

Remark 2. 1t is readily shown that Theorem L2(ii) remains valid if J,
is replaced by M, and 4, by P,. The limitation conditions in both
Theorems L1 and L2 are thus sharp.

5. ASYMPTOTICS

We suppose throughout this section that the function g(x) is defined and
continuous on [0, c0), and that it is a logarithmico-exponential function
for sufficiently large x satisfying

g'(x)-0 and xg'(x) > as  x — . 3)

We shall consider the J,-method given by

px):=7Y p,x"  with p,=es".

Observe that p, — oo and e = o(e**) as x —» oo for all £>0, so that the
power series for p(x) has radius of convergence 1. Moreover, it follows
from the properties of logarithmico-exponential functions (see [4]) that,
for a sufficiently large positive x,, g”(x) is continuous on [x;, o),

d
g'(x)>0,g"(x)<0,g"”(x)>0,— (x’g"(x)) <0 for x=x,,
dx 4)

2 u(

g(x)—> 0, g"(x)>0,xg"(x) > —© as x — oo,
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and

g'(x)/g"*(x) >0, xg"(x)/g"(x)=0(1)  as x— o0 (5)

THEOREM Al. As x - oo,
G(x):= Jw 0= gt~ G(x) 1= \/2m e [ g"(x),
0

The theorem can be proved by considering

G\(x):=/ g () [ et
0

where
g:(t) =g.(t, x) :=g(t) — g(x) — (t — x) g'(x),

and showing that G,(x) - [*, e *"*dr=./2n as x — co. This can done
by means of what is often called Laplace’s method (see [7, p. 80]).

Remark 3. Equivalent to Theorem Al is the result that the Laplace
transform [ e#e =" dt ~ G(h(x)) as x > 0+, where h is the inverse func-
tion of g’ on the interval (0, g’(x,)]. Note that the function g(h(x)) — xh(x),
the exponent in the expression for G(A(x)), is the maximum of g(r)— xt
with respect to ¢ and is frequently called the “complementary convex
function” of g (see [1]).

The following two theorems can now be established without difficulty.
THEOREM A2. 4, :=inf,,,, G(x) ™™ /2n e#™)/./ — g"(n). Moreover,
4,=G(x,) ™, where x,<x,<n and Xx,~n.

THEOREM A3. The following asymptotic relations hold:

. P,, P2n
P ~ P ~ .
(1) n g:(n)’ n+1 Pm Pn _}CD9
. . op(xh
il lim =0,
(- L p(x)

T g'(n)
(il) S~ /21 === ©
m Pn 4 _g”(n)



METHODS OF SUMMABILITY

An immediate consequence of Theorem L2(ii) with 4,=P,/4, and
Theorems L1 and A3 is the following result concerning the function p

considered in this section:

COROLLARY.

J ,-convergent to O but not M ,-convergent.

We conclude by giving some examples of functions g satisfying the
conditions of this section, together with the corresponding asymptotics of

P,, 4,, and 4,/P, calculated by means of Theorem A3.

(1)

(ii)

(iif)

EXAMPLES.

g(x):=log? (x+1); P, ef

A

A,,~—\Z_ﬂeg‘"), —~2/nlogn.
Jlogn P,

g(x):=\/;; P,~2/nev™  A,~2.2nn¥eV"

4
L~ 2 nt,

n

_x . - 2(n)
g(x): ogx P,~ (log n)e*'™,

A4
A, ~/2an (log n)es™, F”~. /2mn.

n

’

~210gn
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