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A TAUBERIAN THEOREM CONCERNING
BOREL-TYPE AND CESARO METHODS OF
SUMMABILITY

DAVID BORWEIN AND TOM MARKOVICH

1. Introduction. Suppose throughout that r =0,a>0,a9 +B8=>0
where g is a non-negative integer. Let {s,} be a sequence of real

numbers,
—Xan +p—1 fe's)

ae . -
cy(x) 1= Tn + B and b(x): rzq €, (X)8),

The Borel-type summability method (B, «, B) is defined as follows:
s, = (B, a, B) if b(x) — [as x — oo

The method (B, «, B) is regular [S]; and (B, 1, 1) is the standard Borel
exponential method B. For a real sequence {s,} we consider the slowly
decreasing-type Tauberian condition

(T,): lim lim inf min
50+ n—oo n=mSn+8y/n H

We shall also be concerned with the Cesaro summability method
C,(p > —1), the Valiron method V. and the Meyer-Konig method S,
(0 < a < 1) defined as follows:

s, = I(C)) if
1 S —k+p—1
f——Esk(H P )*H' as n — oo

(n+p)k_o w =ik
p

5, = V) i

172 2 — )2
(ﬁ_) D Skcxp[ga_@’*__k)_}ﬂ 25 1 —> 00;
2mn =0 2n

s, = I(S,) if
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(o]
1 - a)nH 2 sk(n _;; k)ak—H' as n — co.
k=0

Qur main result is
TueoreM 1. If s, — (B, a, B) and (T,), then s, — 1(Cy,).

Now suppose that
n
Sn = 2 ay
k=0

and note that if
L): a, = —Hn V2 forn=12,...
then, for n = m = n + 8/n,

5, — 8 1 < - L
/| r—1/2
¥ T 2 a; = ) 2 J
" R j=n+l n j=n+1

. e = - ]

so that

S — S

lim lim inf min
§—0+ n—o0 n§m§n+3\/; n

S

= lim lim inf [—Ha‘(l 4 i)} i
50+ n—oo Vn
Thus (L,) implies (T,).

The special case « = 8 = 1, r = 0 of Theorem 1 with (T) replaced by
a, =0~V 2) is the original O-Tauberian theorem for Borel summability
due to Hardy and Littlewood [10]. The Borel summability case a = B = 1
of Theorem 1 has been proved by Rajagopal [13], and the corresponding
theorem for Meyer-Konig summability S, by Sitaraman [14]. More
recently Bingham [3] proved the theorem for summability methods of the
random walk-type of which B and S, are special cases. For the general
(B, a, B) method, the case r = 0 of Theorem 1 with (T,) replaced by
a, = o(n" %} is due to Borwein [6], and the case r = 0 with (T,) replaced
by a, = O(n~ "/?) is due to Borwein and Robinson [7]. The most general
result to-date for the (B, a, 8) method is due to Kwee [12] who proved the
case of Theorem 1 with (T,) replaced by a, = O(n =iy

Theorem 1 remains true if the hypothesis s, — I(B, a, B) is replaced by
s, = I(B’, a, ), by which it is meant that, as y — co,



230 D. BORWEIN AND T. MARKOVICH TR -

oo +8—1 S _ il
foo e Ydx 2 a x* — 1 = 551 -1 =0. () lhEx ¢, (x) = Ole )
0 neg T(an + B) .
272
s i h
This is a consequence of the following known resqlt due to E:orwem (4], i) 2 102 = ; exp(—a n) (a+ 00— 2))
Theorem 2) that s, = I(B, &, B + D if and only if 5, = I(B', &, B). V2mx 2x
Borwein [5] also proved: ' : when | = 5*.
If Lemma 2 ([5], Result (I); [4], Lemma 4). If « > y > 0 and for any
< 7 non-negative integer M > —8/y,
J@) = ,?;“q i - )

2 X

a -
is a holomorphic function of z = X + iy in the half-plane x > X, such = T+ §)

that
(i) when x = Xg and |z is large

1
h(z) = zﬂ*ﬁeV{c + O(‘ﬂ)]
Z
where C>0,a> 10,8 and y are real, and
(ii) h(x) is real and positive for x = 4 = X0 then s, — I(J)

T e
(i.e.,r— 2 2t 5] gsx 00
‘ T(x) nzy h(n)
if and only if
s, = (B, a, B + 1/2).

In particular, taking

is convergent for all x, then s, — (B, «, B) implies
&, — 1B, 6):
The next result follows from Stirling’s formula (see [1], p- 47).
LEMMA 3. |
(an) 1
Tan + B) T(an+ B —r)

LeMMA 4. Let 1/2 < £ < 2/3, then as x —> 00

as n — oo. 3

@ S Ale,x) = o(l),

gEn<x/a—x

55 i - _ i ; (11) 2 nrcn(x) = o(1).
J(z) 2 —____‘_i____r__. - A n>x/at xt
zZ) = c spn+t : o
g Can + DY@ P % " Proof. For (i) we have, by Lemmas 3 and 1 (i), that, as x —> 0o,

where ¢, p, §, 1 aré real and ac + s > 0, we have

- ‘ an+pB—r—1
o > He,(x) = o[fex > _xﬂ}
s, [(J) 5 g=n<x/a—x q§n<x/u—x£ T(an + ﬁ — r)
if and only if

. ) s
s, — I(B, ac + 5, Bc+t— c/2 + 1/2). ) i o{xe ™} = o(1).
Thus Theorem 1 is in fact a Tauberian theorem for a wide class of power ! =8 —
series methods of summability [9]. o . o 5 .
Since the actual choice of g is immaterial, it is convenient 10 asst i Lentata S ( (13, Lemima 1), If {5, } satisfies (), then there exist positive
all that follows that ag + B — 7 = 0. | onstanis K, K such that, form = 1 2 1,
3. Preliminary results. ' : Sm = Sy > —Km'(m'/? — "% — K,

Vi 1 (16), Lemma 2). Let by = n = ¥/, 12 < £ < 2/3, and
0 < <2t — 1 Then

8. =8 = _K(m!‘+1/2 e nr+}/2) — K.

[

The next lemma is essentially due to Hyslop ([11], Lemma 1).
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LEMMA 6. Let h, = n — x/a, p =0, and 1/2 < £ < 1, then, as
X — oo,
2,2
; h
6)) > n'hf exp(——~a ”) = o(1),
n>x/atx 2
212

k|7 eXp(-“zfj) = o(1),

(ii) b5

0=n<x/a—x

b o’ )
i) > Al exp(ﬁ ) = of{x T+,
n=0 2x
Lemma 7 (cf. [14], Lemma 5 and [3], Theorem 5). Let M and N be any
positive integers such that

M > x/a + t\/x/a, g < N < x/a — t/x/a.
Then, as t, X — co,

N

0 2 re,(x) = ox),

n=g

[ee]

(i1) > e, (x) = o(x),

n=M

M

(i) 2 e (x) ~ (x/a),

n=N
(IV) E (nr+1/2 _ Mr+1/2)(.’ﬂ(x) - U(Xr).
n=M

(The precise meaning of part (iil), for example, is that for every ¢ > 0

there is a Xj such that
M
£ 2 n'c,(x) — a | < e whenever x > Xy, t > Xo,
n=N $

g < N < x/a — t/x/a, and M > x/a + ty/x/a. The meanings of the
other parts are similar.)

Proof. Part (i). For 1/2 < £ < 2/3 we have

N

g=8i— X &) = >, ¢, (x)

n=gq g=En=Ex/a—1\/x/a

= (qén 2 + E )cn(x)

Sxia—xt ia—xi<nExie—t\/x/a

= Sl + Sz.
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By Lemma 4 (i), we have S| = o(1) as x = oo Further, by Lemma 1 (ii),

BS 4, X e
o(x/a — n)z)}

S, = o{x‘“2 ex (#
xia—xd<nEx/a—t\/x/a 2%
i 2.2 -
o(l) + O{x_”2 f exp(—fx_y_)dy]
x/a 2x

= o(l) + 0[ iﬁﬁi exp(— 1) du}

I

= o(l).
It follows that, as 7, x = 00, § = o(1), and hence

N N
0= D re,(x) = ¥/ Z e, (x) = o(x).

n=gq n=gq

Part (ii). For 1/2 < £ < 2/3, we have
o0 A
S:=x" X ne,(x)
n=M

$ X ]nrcn (x)

=
X

{Méném’a+xe n>x/a+x
= S; + S2

By Lemma 4 (ii), we have §; = o(1) as x — oo. Furthermore, it follows
from Lemmas 3 and 1 (ii) that

5, = O[x—’ S n’cn(x)]

x/a+i\/x/a <n=x/a+xt

an+B—r—1
= O{e—x N — ]
x/e+t e <n=x/a+xt I‘(an + B = I’)
2 2
i a(n — x/a
_ O{x 12 exp(— ( ) )]
x/a+tt e <n=x/a+xt 2x

Now exactly as in the proof of part (i) we find that, as 1, x — 09,
8, = o(1). The conclusion is now immediate.

Part (iii). The case » = 0 follows from parts (i) and (i1) with r = 0 and
the known result that

[ea]

o c,{x)—1 asx =0
n=q

(see [S], p. 130).
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To prove the result for » > 0, observe that it is equivalent to proving the
following assertion:

M

> n'e,(x) ~ (x/a) asi— oo,

n=N,

whenever {M,}, {N,}, {#;}, {x;} are sequences such that 1, — co, x; = oo,
and

M, = xj/a + t/x/a, q <N, <xj/a— tj\/x/a.

Suppose therefore that {M;}, {N;}, {1;}. {x;} are sequences satisfying the
above conditions, and let

~w; = min{ (x)"", 1}
so that
0=w, =14, w,— o0, and w/x — 0.
Now choose sequences of positive integers {M;}, {N/} such that
M, — 1= x/a + w/x/a < M =M,
N, = N < x/a — wp\/x;Ja = N} + 1.
Then

My

N—1
Q1) X de(x) = ( EN +

n=N,

i

M M,
> + 3 )nrcn(xl-).

n=N/ n=M;+1

(The first series on the right side of (2.1) is defined to be zero if N/ = N, as
is the last series if M| = M,.)

Since
M; M; M;
NY 2 c(x) = 2 re,(x) = MY 2 ¢, (x)
n=N{ n=AN/ n=N/
and

(NY ~ (x/a), (M)) ~ (x;/a) asi— oo,
if follows that

i

M
Efn’cn(x,-)rw(xi/a)’ 2 c,(x;)

n=N, N;
00 N—1 o]
=(xi/a)r(2 -3 - X )cn(x,-) as i —» oo.
n=gq n=gq n=M+1
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Since

> ¢,(x;) =1 asi—oo0
n=q
we have, by parts (i) and (ii) with » = 0, that
M; ,
(2.2) > ne,(x;) ~ (x,/a) asi— oo,

n=N;j

Further, from (2.1), (2.2), and parts (i) and (ii), we obtain

M.
l

= we,(x;) ~ (x;/a) asi— oo,
n=N,

as required.
Part (iv). An application of the mean value theorem shows that in order

to prove the desired result it suffices to show that

S:=x"" 2 (Vn— VMn'c(x) =\o(l) as t, x — oo,
n=M

To prove this observe that since M > x/a we have

Va/x(n — M)/2 = \/n — /M

and hence

(os]
0= 8= Va2x 7 2 (n — Myde(x)
n=M

— \/mx—r—ln [

M=n=x/a+xt

22 > ](n — M)n'e,(x)

n>x/a+x(=M)
= Sl _1“' S2

where 1/2 < £ < 2/3.
Since

M>x/a + i1\/x/a and n — M < n — x/a,
it follows from Lemmas 3 and 1 (ii) that

S[ — O{x—lf’Ze—x
x/a+i\/x/a Snsx/atxt

xan+,8—r—l}

T'an + B)

(n — x/e)n”



236 , D. BORWEIN AND T. MARKOVICH

—_ 0[x—1/2e—x

x/ativ/wTe Sn=x/a+xt
an+B—r—1
(n — x/a)m————
Tlan + B8 — 1)
= O{x_] >
x/a+t\/m2n§x/a+xe
o’(n — x/a)z)}

— / —
(n — x/a) exp( ™

[ oy’
o(l) + O{x i y exp(*z)dy}

= o(1) + o{f:m u exp(—uz)du] = o(1) as t, x — co.

Next, by Lemmas 3 and 1 (i), we have that, as x — oo,

+B—r—2
S = O[xlﬁe_x > nr+l—~——xan 'Br ]
< n>x/a+xt r(an r B)

xan—w‘—B—r*?. }

n=xsatsd Dlan + B —r — 1)

= 0{x"%™*"} = o(1).
If follows that § = o(l) as ¢, x — 0.
THEOREM 2. Suppose that {s,} is a sequence such that (T,) holds and
b(x) = O(x) as x — oco.
Then s, = O(n").
Proof. Following Sitaraman ( [14], proof of Theorem 1) define

6,:=n s, 6/(n) := max o,, and o5(n) := max (—o,).
v=n VEn

We assume that {o,} is unbounded and show that this leads to a
contradiction.

There are two logical possibilities:

Case (A). 6,(n) = o,(n) for infinitely many values of 7.

Case (B). a,(n) < a,(n) for all n sufficiently large.

First, suppose that Case (A) holds. Then in view of our assumption we
conclude that o,(n) — co. Now write

N—1 M—1 oo
(2.3)  b(x) :(Z + ZN + EM)cn(x)sn
n=gq n= n=
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L= Ty(x) + Tu(x) + Ti(x)

where first N and then M are chosen as follows. Corresponding to any
positive H > o,(g) there exist integers N = N(H) > g such that

(2.4) oy = oy(N) > 2H, 0,(N) = 0(N).
Take the least value of N and then the least M = M(H) > N such that

1
(2.5) Opg = EON.

There are such M’s when H is large, for otherwise o, — co, and then
Lemma 3 and the total regularity of the (B, a, 8 — r) method ([9],
Theorem 9) would imply that

x "b(x) — oo as x — oo,

contradicting the hypothesis b(x) = O(x").
In view of Lemma 5, and the choice of M and N in (2.4) and (2.5), we
have that

1/2 1/2 ﬁ 5 _l —_ K7
= ool -1 -

where K and K’ are positive constants (cf. [14], proof of Theorem 1). Now
we have either

G =3 o () =3
—| =>- or |—| = -.
M 4 N 3
In the first case,
KM'? — NVY?) > ‘—1101(N) - K,

while in the second case

M2 _ N2 = Nuz{(g]”ar) - 1].

Hence

1
(26) ¢:= t(H) = 5(M”2 — N2y > 00 as N — oo (or H —> co).
Next, let

27 x:=x(H) = %(MUZ + NV
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so that x — oo as H — oo, since M > N — oo as H — oo, It follows from
(2.6) and (2.7) that

M > x/a + t\/-ﬁc/a,

2-8) [q < N < x/a — 1\/x/«a,

where ¢, x — o0 as H — co.

In the analysis which follows, suppose that N, M and x are chosen as in
(2.4), (2.5) and (2.7) and consequently satisfy (2.8). Therefore £, x — co as
H — co and the properties (i), (i1), (iii) and (iv) of Lemma 7 hold. With
reference to (2.3), we see, that as H — co

N—1

(29) T(x) = —oy,(N) 2 re,(x)
n=q

N
= —o,(N) 2 ne,(x) = —oy(N)o(1),
n=q

by Lemma 7 (i). Further, since M is the least integer greater than N which
satisfies (2.5), we have

IA

1 1
(2.10) o, > EUN = EUI(N) for N=n=M-— 1L

Thus, as H — oo,

M—1
@11) Tyx) >%ol(N) S rle,(x) ~%al(N)(x/a>’,
n=N

by Lemma 7 (ii1). .
Next, by Lemma 5, there are positive constants K and K’ such that

§ g B KRR <~ 1V KM — 1y

for n = M. Thus ;

Q12) s, > sy K@ V2 — M — YTV — oM V) — KM
> K@tV MtV — o)

for n = M, since, by (2.10) and (2.4),
1 ,
Sp—1 = Oy (M — 1) > 5aN(M — ' >HM -1y >0.
By (2.12) and Lemma 7 (ii) and (iv), we have

@13) T = -K 2 @V = M1, (x) — 0Q) ZMnrcn(x)
n=M He=
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= —o(x") as H— co.

Substituting (2.9), (2.11) and (2.13) in (2.3), we get
_ 1 _
x7b(x) = ol(N)(Ea r— o(l)) — o(1) > oo as H — oo,

since 0;(N) — co as N — oo (or H — oco). This implies that x~ "b(x) is
unbounded above, contradicting the hypothesis b(x) = O(x").

Next, suppose that Case (B) holds (i.e., there exists an M| such that
o4(n) > oy(n) for n = My). Then in view of our underlying assumption
we have o,(n) — co. Now write

N M oo
(2.14) b(x):(2+ Y + 3

n=q a=N-+1 n=M+1

c,(x)s,

= Tl(.x) + Tz(x) + Ts(x)

where first M and then N are chosen as follows. Corresponding to any
positive H > a,(M,) choose the least M = M(H) such that

(2.15) o5(n) = oy(n) forn = M, oy = —0y(M) < —2H.
Then choose the largest N = N(H) € (g, M) for which

1 1
(2.16) oy = EUM = —Eoz(M).

There are such N’s when H is large, for otherwise 6, — —oco and then
Lemma 3 and the total regularity of the (B, a, 8 — r) method would imply
that

x "b(x) = —oco asx — oo,

contradicting the hypothesis b(x) = O(x").
The choice of M and N in (2.14) and (2.15), and Lemma 5 imply that
there are positive constants K, K’ for which

K(MV? — N2y = GZ(M){l B %(%)r] B K’(%),

= %GZ(M) — K = o0
as H — oo (cf. [14], proof of Theorem 1). Hence defining ¢+ = ¢(H) and
X = x(H) asin (2.6) and (2.7) we see that 7, x = co as H — co, and that
(2.8) holds. Consequently, as H — oo, the properties (i), (ii), (1i1) and (iv)
of Lemma 7 hold. The rest of the proof of Case (B) is exactly as given in
([14], case (ii) of Theorem 1) with the roles of N and M interchanged. This
Tules out the possibility of Case (B) holding.
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Lemma 8. (cf. [8], Hilfssatz 5). Suppose h, = n — x/a, 0 < H < |,
(1 — Hx/a En = (1 + Hyx/e, and k is any integer =2. Then, as
X — CO

232
a'h,
o2 = o Z 1 g )

2wx
where
' k+1 k itl Rl
|h,| +1} _ S S
Rk = O[ _xk s k bay R l,jxt
and the b, /'s are constants with by 5 = byg+1 = 0.

(Note: In particular, the result is true for all n such that |h,| = %
1/2 < £ < 2/3)

Proof. Since

ah,
an = ah, + x and 0<1—Hé—x—+1§1+H

if follows from a form of Stirling’s formula ([1], p. 48, equation 12) that,
as x —> o0,
(2.17) log I'(an + B)

= (ah; + x + B — 1/2) log x — ah, — x + (1/2) log 2x

ah,
+ (ah, +x+ﬁfl/2)log( +1)

R

where k = 1 and each B, ;(B) is a Bernoulli polynomial. Since

ah,
X

=EH<I

we have

(2.18) ("‘z ¥ 1)ﬁr - k:; ( p )(“f: )’ + 0[('1‘)16 rﬂ],

and

ah,
(2.19) log(ﬁ—
x
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It follows from (2.18) that

k rt1 _
(—1Y" "B, (B)[ah, ?
#-20) r§1 rir + 1x" (x o 1)

k i k
h || \k—r+]
> 45—+ ; —ro{( ) ]

X

ki k+1
h;’, |A,,| + 1
— 2 d._. = I 0{—_k+] }

X

where the d, ; s are constants.
If we denote the double sum on the right side of (2.20) by 7, and then

substitute (2.19) and (2.20) in (2.16) we obtain, after some simplifica-
tion,

(2.21) log ¢, (x)
=loga — x + (ah, + x + B — 1) log x — log I'(an + B)

= log x + ah,
V27X
N (=1 (e,
+ (ah, + x + B 1/2)2 5
j=t J \x

k+1 4o
¥ O{J—}H—T——] as x —> oo,

X

We now combine the O-term with the term

(—1*(an,)*!
Jex®

on the right side of (2.20) into R;, to get, after a further simplification,

a 2h2

loge,(x) =log— — —2 + g + R,
Be(x) =log e = o T & T K
where

PRLE R

Rk-—(){u__}___} and
X

k i+1

EEbw

i=1j=0

with by = byt = 0.
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3. An equivalence theorem.

LEMMA 9 ( [11], Lemma 3 or [8], Hilfssatz 3). Suppose that s, = O(),
and that

~ aln — x)2
20 s, eXP{T] - 0(x1/2+b)

as x — oo where b = 0. Then, for each integer j = 0 and each € > 0,

< ; aln — x)2 )
E s,(n — x) exp[—_} — 0(x(1+k)/2+b+c)
n=0 2x

as x —> co.

Lemma 10 ([11], Theorem 2 or [8], Hilfssatz 4 with ¢ = 0). Suppose that
s, = O"), h, = n — x/a, and that ‘

00 — 2
N 5y, exp{—w—z—-k—)—} = o(n"?) asn— oo
k=0 n

Then

oo s,
s, exp(— ”) = o(x"?) as x — co.
—0 2x

n

TueoreM 3. (cf. [11], Theorems 3 and 6). Suppose that s, = O(n"). Then
s, = I(B, o, B) if and only if 5, = (V).

Proof. Let
12 < §<2/3, h

n

b(x) := 2 ¢,(x)s, and

k| =xE

242
_ « a hn)
Hx) 1= expl ——|5,,-
) 27X |hn\z_5_x£ p( Bz

We first prove that s, — I/(V,) implies s, — /(B, «, f). Because of the
regularity of both methods it suffices to prove this result for / = 0.
Suppose therefore that s, — 0(¥,). In order to show that 5, — 0(B, &, B) it
is enough, by Lemma 4, to prove that b(x) = o(1) as x — co. By Lemma 8,
for x sufficiently large and an integer k > 2r + 1, we have

3.1)  b(x) — t(x)
212
- S ol - onl-25)

(S 2x

=n— x/a,
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=

2+2 [ee]
h + R
2: 5, exp(—a n) E: (gk k)
lha St 2 Jp=1 - @

=} )
;

(Ay(x) + Ay(x) + As(x)),

%
=

where \

2:2 2s i
a'h,

> s eXp(— ) > B
| =xf 2x [y

n

(32 A0x):

3

2s
azhi] S (&t R — gl
2x | p=1 w!

(3.3) Ay(x):= E S5, exp(—

S

‘12}131) §: (& + )
2x | p=2s+1 p! ’

(3.4) Aix):= 2  Sn exp(—
NS
and the integer s > r — 1/2.
We proceed to show that each of the above is o(x!"?) as x — oo.
To see that 4,(x) = o(x'"?) as x — oo consider, for 1 = p = 2s,

(azhi) g_fi

v(x) = Egsnexp ) gl

h,| =x
The expansion of g, given in Lemma 8 shows that gl is a finite combi-
nation of terms of the form x ™ ‘h/, where (i) 0 = j = p for i = p and
()0 =j =i+ pfori=p + 1. Hence, if we can show that

2,9 1.f
> s, exp(—a h") Ef'
I | = 2x ) x

I

vi,j .

= o(xm) as x — oo
for the i’s and j’s in (i) and (ii) it will follow that

v(x) = o(x''?)

and hence that
Ayx) = o(x'"?) as x — oo.

Now our hypotheses together with Lemma 10, and Lemma 9 with b = 0,
€ = 1/4, imply that, for each integer j = 0,

22

(oo
. h .
> $h exp(—g—") = o(x(jﬂ)"z*'m) as x — oo,
n=l 2%.

An application of Lemma 6 shows that, for each integer j = 0,
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—i+ji2+3/4

v, . = o(x ) as x — co.

L]
From this it is clear that, in both cases (i) and (ii), v; ; = o(x
that

1 2) and hence

Aix) = o(x”z) as x — oo.

To prove that A5(x) = o(x'"?) as x — oo, it suffices to show that, for
L= p &y,

2,2
a“h
H(x) 1= 2 n exp(*——”) | (g + Ry = gil
TS 2x
= o(x1?) as x — oo

Since k = 2, 1/2 < £ < 2/3, and |h,| = x* we have, by Lemma 8, that, as
X — 00,

R+ 1
= il T

- } = O(1) and g = O(1).
x

. Hence,

g + R — 2k

o4 . .
D) ".*)\ngkw )
2

|hn|k,+1 + 1
=O0(IR))=20 — X f

and so,

212
u(x) = O[x_k 2 a(l + |hn|k+1) exp(—fx—hf’-)}

I =t 2x

as x — oo.
By Lemma 6, since k > 2r+1,
u(x) - O(Xr—kJrl/Z) i O(xr*k."Z‘l‘])

1/2

= o(x'") asx—oo.

Finally, to show that 4;(x) = o(x'?) as x — co, we observe that, since
1/2 << £ < 2/3, and |h,| = x‘f, we have, by Lemma 8,

hyl + 1 |hn|3}_
X x2

(B3) g tTR =g TR = 0{
In particular, g, + R, = o(l) as x — co and hence

§ g, + R _

1 l O(lgk + Rk|2‘+l) a8 X3 oo
p=2s+ .
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Thus, from this and (3.5), we obtain

o
Aq(x) = 2 n exp( zin) 2 ——rgk T By }

Ihl“'-x p=2s+1

2h2
= 2 n exp( 5T )igk + Rklst]

|h |=xf

272 A | 6s+3
oh\ (L4 A7 |7,
- of 2, ool -5 o + B}

Hence, by Lemma 6, since s > r — 1/2,

As(.x) O(x—2s+r—1."2) + O(x—s+r) + O(x—s-i-r)
-——-0(x”2

) as x — oo.
Consequently, it follows from (3.1) that
b(x) — f(x) = o(1) as x — oo.

Next, by our hypotheses, Lemma 10, and Lemma 6 with p = 0, we have
that 7(x) = o(1) as x — oo. Therefore b(x) = o(1) as x — oo. This
completes the proof of the first part of the theorem.

We now prove that s, — I(B, «, B) implies s, — /(¥}). Again it is enough
to prove the result for / = 0 and we do this by following ( [8], Satz II).
Suppose that 5, — 0(B, «, ). Then by Lemmas 4 and 8 we have

o’k
> s exp(— 2xn + g t+ Rk)

o
V2mx =« "

= o(l) asx — cx,

1e.

iHx) +

i) + A) + As()
= o(1) asx — oo,

where A,, 4,, A, are defined by (3.2), (3.3), (3.4) respectively with
k > 2r+1 and the integer s > r — 1/2.

Observe that in the proof of the first part of the theorem we only
required the hypothesis s, = O(n") to establish that 4, and A4, were
o(1/x). Since the hypothesis is still operative we now have

o

N/ 2mx

(3.6) f(x) + A](xj = o(l) asx— oo,
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Further, by Lemma 6 (iii) with p = 0, we have 7(x) = O(x'). Let
y 1= inf{8:f(x) = o) ).
Then either y < Qor 0 = y = 1. We wish to show that #(x) = o(l) as

x — oo in either case. This is evidently so when y < 0. Suppose therefore
that 0 = y = r. Consider 4,(x), and for 1 = p = 2s, let

-
2x ) p!’

p(x) := 2 5, eXp

| =xE _
where gl is a finite combination of terms of the form x"'h) with (i)
0=j=pfori=pand ()0 =7 < j+pfori = p+1. For the /s and j’s
in (i) and (ii) let :

212 i
o hn) h;,
Pij lh,,|2§xE s p( 2x ) x

Since 7(x) = o(x*/%) as x — oo it follows, by Lemma 6 (i) and (ii) with
p = 0, that :

oo
@ 1/2+y+1/8
2 exp(— ”) B i T e
=0 2x

Next, it follows from Lemma gwithb =y + 1/8and e = 1/8 that, for
each integer j = 0,

2,2
§ J LA ( J2ty+34y g5 x —> co.
s,hl expl— = o(x
n=0 2x

Lemma 6 implies that, for each integer j=0,

22 _
g L exp(—a n) = o) asx - oo,
hi=xt 2x

Thus,
pi;= 0(x7i+j/2+y+3/4)
= o(x7+1"4) as x —> 0O,
in both cases (i) and (ii). It follows that
A(x) = o(x¥T1" as x — oo,
and hence, by (3.6), that

i(x) = o(x¥ V4 + o(l) asx =00

Now if y = 1/4, then
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f(x) = 0¥~ 1,
and this contradicts the definition of y. Hence y = 1/4 and so
f(x) = o(l) as x — co. J

If follows, by Lemma 6 (i) and (ii) with p = 0, that

h
2 > 55 exp(—a ") = o(1) as x —> oo,

V2TX n=0 2x

so that s, — I(1}).

4. Proof of theorem 1. The hypothesis s, — /(B, a, B) implies that
h(x) = O(x") as x — oo and hence, by Theorem 2, that 5, = O(n').
Theorem 3 now shows that s, — /(¥}) while Lemma 2 shows that there is
no loss in generality in making the restriction 0 < a < 1. It follows by a
result due to Faulhaber [8] or Bingham [2] that 5, — I(S) ) and hence, by
a result due to Sitaraman ( [14], Theorem 2), that s, — [(Cy,).
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