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Abstract. The paper is concerned with summability factors for the strong Cesaro method [C, A]p of
summability uf integrals. Forp =1, A > 1 *-115, necessary conditions are obtained for a function ¢ to
e such thatfx(u)q&(u)du is bounded ( C) whenever fx(u)du is summable [C, J\]p, and it is

proved that these conditions are sufficient for {x(u) rb(u) du to be summable [C, J\] whenever

T x(u)du is summable [C Al
1
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1. Introduction

 Let x be a measurable real-valued function defined on (1, ) and Lebesgue integrable on
' finite intervals (1,¢) for all £ > 1. For A> 0, the \-th integral of x is defined as

t
x, (1) = r‘Tl?J j(t—u)*‘lx(u)du ,
1

whenever the integral exists (in the Lebesgue sense). It is known that, for A= 1, the integral
x, (¢) exists for all £ > 1; that, for 0 <A<1, xh(t) exists for almost all £ > 1; and that,
for A >0, x, €L(1,w) forall w> 1. Furthermore, for A\>0and u >0, (xh)#(w)

Xy “(w) whenever the integrals exist (Zaanen [21, pp. 103—106]).

t
For A > —1, the N\-th Cesdaro mean of [ x(u)du is defined as
i

t
m x(f) = T\t Dt Mx (2 = j (1 - ‘—;—)?“ x(u)du.
. 1
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If s is a real number or oo and if m, x(t) s as t > oo, we write ;Fx(u)du = 3(C, N} 3 o
If 5 is finite, we say that E’ox(u)du is summable to s by the (ordinary) Cesdro method .
of order X, or summable (¢ A) to s. The symbol (C, A) also denotes the linear space of ':f
functions x such that ;‘o x(u)du is summable (G M), to some s depending upon x.

If mpx(t) =0(1) as £ > =, for some M >—1, we say that ;F x(u)du is bounded (C).

The symbol B(C) denotes the linear space of functions x such that | x(u)‘du is boundeg
1
(O).

w
A>0.p>1, sisteal and 2 Fim, _ x(n)—s17 dr = o1) s -bes, sl
1

lf x(u)du is summable to s by the strong Cesiro method of order A and index p, or
summable [G \], to s, and write [ x(u)du = s[C, A, The symbol [, \], also denotes
1
the linear space of functions x such that [ x(u)du is summable G R]p, to some s
1

depending on x.

If Pand Q are summability spaces such as (G A), B(O), and [C ?\]p, and ¢ is a function
defined on (1, o), then ¢ is said to be a summability factor from P to Q if the product
function x¢ is in O whenever x is in P. The symbol {P; Q} denotes the linear space of
summability factors from P to 0 '

In this paper we are concerned with determining necessary and sufficient conditions fora  {
function ¢ to be a summability factor for the strong Cesdro method [C, A]_. Thatis, we :
want to characterize ¢ € {[C, A]p;Q}, where Q is one of the spaces B(C), (G ), [C Al |
or [C, A]p. A necessary condition for PE([C A],; O) is also necessary for ¢ € {[C, A}p;Q’};
where Q" C Q, and a sufficient condition for ¢ € IIE c ?\]P ; Q) is also sufficient for .
pE|{[C Mps Q"}, where 0 C Q"

Foruy>x>0and p>p'> I, Lemmas 2.2 and 2.4 (below) show that

LG, SICA], SICN, S (EN) € (Cuw C B(O)

It thus suffices to determine conditions which are necessary for ¢ € {[C, ] o B(C)}and ?
sufficient for ¢ € {[C, Ay [ AL

The conditions to be obtained involve quantities M, (B, X p) defined as follows. Suppose

h is a measurable real-valued function defined on [1,%), A>0,p>1, and L + 1. Lif
> 1. Then we define B A 3

i gummability Factors for the Strong Cesiro Method for Integrals
On Su

ess sup I_U?‘h(u)l if p=1,
2ncy<antl
— +1
Mn(hj hﬂp) 1 an X liq ‘
(*J- [v*h(v) |9 dv if p>1,
2!‘!
2?1

for all integers n = 0. .
Our objective is to prove the following two theorems.

1 _ el
Theorem 1. [f p =1, A>1 =% and ¢ € {[C, ?\]p,B(C)} , then there exist real num

bers ¢ = 1 and b, and a measurable real-valued function h defined on [1, «°) and vanishing

on (1, ¢), such that

1.1
¢ €L”(,¢), (1.1)
) = (1.2)
D M (h\p) < >, and
n=0
b(u) = b +J (v=u)* "L h(v)dv for almost all u>c. (1.3)
u
Moreover, these conditions imply that
¢ € L7 (1,%), and (1.4)
there is a function x defined on [1, =) such that ¢(u) = x(u) for (1.5)

almost allu> 1, and x(u) > b as u— oo,

1 ] 3 1.1),(1.2),
Theorem 2. Supposep > 1, ?\>1*§, c21, b isreal, and ¢ and h satisfy (1.1),(1.2)

and (1.3). Then ¢ € {[C, A] 3 [C A], ). . .
i i i i d in Section 6.
Theorem 1 is proved in Section 4 and Theorem 2 is prove

When A>1 — : Theorems 1 and 2 show that conditions (1.1), (1.2), and (1.3) are
p 3

necessary and sufficient for ¢ € ([C, h]p; [C ?\]p }, and that .{[C, )\]P;,[_C’ AL}
={[C A]. ; B(C)}. The determination of necessary and sufficient conditions for
» p’ .

1. .
sE([C ?\}p; [C, R]p} when p>1,0< <1 ~ is still an open problem.

As examples of [C A] 5 summability factors, we mention the following.

(1) Given A >0 and a > A, define
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o(u) = j (- o7 %y = BLa— Ut for w1,
u

where B()\, a— ) denotes the beta function. Theorem 2 shows that ¢ € {[C, A] 2 [CAL ]
P
forallp‘/}'lsuchthat)\>l+i. :

() Givenp=1, x>1 _é , and a sequence #,, such that EO |7, | 2"\ < oo, define
n=

h(v) =, for v satisfying 2" <v<2"*! and define $(u) = | (v—u)} ' h(v)dv for
u>1. Then ¢ € {[C A ,; [C A, }- “

For strong Cesaro summability of series, results similar to those of Theorems 1 and 2
have been obtained with restrictions on the values of A and p. For A > 0, Kuttner and
Maddox [15] obtained necessary and sufficient conditions, analogous to(1.2) and (1.3),
for ¢, € {G Al (G A)}. Also for A >0, Kuttner and Thorpe [16], and Jackson [14]
independently, showed that these conditions are necessary and sufficient for $, € {[C, 7\]1; :
[C, \], } and hence that {[C, A];;[C AL} = {[C Ay (G M}. Forp>1and A>1,
Jackson [14] obtained necessary and sufficient conditions for ¢, € {[C, A] . (C 7)) and,
for p>1 and A > 1 an integer, showed that these conditions are sufficient for

9, € {[C A] a5 [C A] p }. In view of Theorems 1 and 2, it appears feasible to extend

Jackson’s results to the generalcase p = 1, A > 1 — % This possibility is not inveStigated

in the present paper.

For results concerning summability factors for the ordinary and absolute Cesdro methods
for series, see Bosanquet [6] and the references given there, and Bosanquet and Chow [7].
For results concerning summability factors for the ordinary and absolute Cesaro methods
for integrals, see Hardy [11], Cossar [8, 9], Sargent [19], and Borwein [2, 4].

2. Preliminary Results

We require the following lemmas.

Lemma 2.1. Suppose € > 0 and f is a measurable function defined on (1, ) and integrable
on finite intervals. Then

w w
@) w_ej <L |f(f) | dt < H sup j \f(0) s, whereH=l+‘ 1 —1-’ :
. w>1W1 €

w w
(ii) va—lv j [f(£)1dt = o(1) as w o, then w’fj t<7LIf()1dt = o(1)
1 1

as w — oo,
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t
proof, Let I(w) =w™* {W (<7 If(0)dt, F(£) = [ 1f () |du. Then

w
I(w) = V—IVF(w) +(1—ew © j t<" 2 F()dt.
1
() LetM= rsgli l?F(t). Then

w
1(w)<M+|1—eiMw*€j e Lar=mf1 plel a-w )} < 1M
1

(i) Suppose F(#)=o(#). Then

I(w)=o()+w™ ¢ j ts L o(1)dt =0(1).

1
Note. Here and in the sequel, when we say that a function is o(#), 0(1), etc. we are refer-

ring to the behaviour of the function as the appropriate variable tends to °. The variable
is explicitly identified only when there is a possibility of confusion.
For a series analogue of the following lemma, see Hyslop [13, Theorem 3].

Lemma 2.2. Suppose A\>0,p = 1. Then

o0

j x(u)du =s[C ?\]p if and only.ifjr x(u)du = s(C, \) and

1 1
w

é J ] F"j(t—u)"%x(u)du'pdt = o(l) as w—> e, (2.1)

Proof. We have the identity

I3
m, _yX(t) — m, x(t) = i j (t— W) Lux(u)du,
1

since (r—u)™ = (t—u)"f1 = (l‘fu)?‘—1 u.

I£(2.1) holds and | x(u)du = s(C, N), then by Minkowski’s inequality,
1

w w
1 1/p
(i j 1m?\—1x(t)—3|pdf)”p < (»_vj |mhx(t)’Slpdt)
1
' w t .
+(_1u}j It_?‘j'(t—u)"—lux(u)dulpdt) fp
1 1

= o(1) +o(1) = o(1).

\a
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Hence if x(u)du =s[C, ?\]p.

To prove the converse, suppose ¥ = 1 R )
implies PP {x(“)d“ s[C N, If p> 1, Holder’s inequality

1 w w
1 1
o | iranar < () [ iroPan)'
1 1
for any f€L(1,w), and taking f(¢) = m, _,x(2) —s gives
1 w
v_vj [m, x(#)—sldt = o(l).
1
From the identity

w
I —
m.f\x(w)=7\w Ajt;\ lmh_lx(r)dt,
1

we obtain
w
el o —a [ a1 s :
mx(w)—s=3-w jt (m,\,lx(f)—s)dhxw"‘jt’*‘ldt.
1
0

The second term is o(1), and Lemma 2.1 (ii), with f(¢) = m?_lx(r) — s, shows that the
first term is also o(1). Hence { x(u)du =5 (C, \). Finally, (2.1) follows from

=

T

i TV

(t-u)"_lux(u)dulpdt)”p < (&) J Im x(t) s |P dr)”p
1

w
1.
' (; J. im, _yx(2) =s|P dt)l’fp.
1

Lemma 2.3. (B i o
e (Borwein [4]). Suppose X > 0. Then lfx(u)du =5(C, M), for some s, if and

w t
j t a’z‘J‘(l‘fut)]L Yux(u) du is convergent as w — oo. (2.2)
1 1

. H te a Conﬁel’llent [ESE tO detellnllle wl etllel x‘ u a
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Lemma 2.4. Suppose p>A>0,p >p' =1,

o0

@) Ifj x(u)du = s[C, ?\]p, then j x(u)du = s[C, ?\]p. .
1 1

(ii) Ifj x(u)du = s(C, \), then j x(u)du = s(C, p).
1

1

oo

s(C, N\), then j x(u)du is bounded (C).
1

1]

@ 0| xds
1 ;

Proof, Part (i) follows from an application of Holder’s inequality with exponent r = -% :
p

(Cf. Flett [10, Theorem 11)
Part (ii) is proved in Titchmarsh [20, section 1.15].

Part (iii) is obvious.

Lemma 2.5. Suppose p = 1, A> 1 #% , and ;fnx(u)du =5(C, A—1). Then
T x(u)du =[G A,

1

Proof. Suppose without loss of generality that s = 0. By Holder’s inequality, we have, for
w>1.

w t

w
j lmrlx(t)ipdt < ( lx(u)ldu)p ! j r(l—?\)l’dtj (t—u)(“_l)p [x(u)ldu
1 1

X

< oo,

1
w w
Ix(u)idu)l"l j () |du j‘t(l*?\)!’(t,u)(lfl)pdr
1

u

since (A —1)p > — 1. It follows from this, and m?\flx(t) =p(1), that

vtlv ;fvimkl x(1)|? dt=o0(1), which completes the proof of the lemma.

Lemma 2.6. Suppose p>—1 and w> 1.
(i) Ifx isan integrable function defined on (1, %) and vanishing outside (1, w),

then ,Fx(u)du is summable (C, w) to the value of the Lebesgue integral _1{ x(u)du.
1

(ii) If x is a non-negative measurable function defined on (1, °°) and vanishing
outside (1, w), and if}o x(u)du = oo, then f x(u)du = (C, p).
1

The proof of this lemma is immediate.
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Lemma 2.7. Suppose f is a measurable Junction defined on (1, ) and integrable on finite §

intervals ffflir |F(£) [dt <o, then i ff(:)d: = o(1).

Proof. Let g(t) =%f(:) and I(w) =
w
100 =8, ~ [ & (a.
1

Since g € L(1, =), &, (w) tends to Fg(t)dr as w0, and /(w) tends to
1

}u tg(#)dt, and integrate by parts to obtain
1

-

fg(t)a’t = l}og(t)dr = 0.

Lemma 2.8, Suppose y>0, 8§ >0, v > 0. Then

oo

J £ (1= 0)5 Vgt = By, 8)07,

v

where B(y, §) denotes the beta function,

The proof is immediate by change of variable u =%.
Lemma 2.9. Suppose 0<e<1 and 0<a <b <t Then

(1) (r—a)e—(t—b)f<(bka)(r_a)e—1’ e .

|
@ 0T == T () < () g
b
(iii) J (t—u)*dy <§ (b-a)(t-a)< L. |
‘ ]

Proof. Part (i) follows from
(£=a)* = (1-0)° < (t-a) (t—a)* ™V —(¢-b) (t-a)= L.

Part (i) follows from (i) and

—p)e 1 _(p el - (E—a)l e —(z—p)l=e
(tr—b) (t—a) (t—g)l_e(tfb)l_e

Part (iii) also follows from ().

e

3
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Lemma 2.10. Suppose €>0, 0<8 <1,v>u>0. Then
v g 1 1 B B
jr‘e"l(u—r)ﬁ_ldr <27 (; +265)u5 tume.
u

frely—13~1de fu>2, then
I=[t7 5 (v=01) . 3
Proof. Let 1= J

b 1 o W
1 —5 s—e—1 1 L e+1-5 u €.

i 20+l lj(ﬂ“f)ﬁ ldt=§2€+l PvtTe <52 d

vf2

fu<%, then
.'22 s 1 5—1
Y 5. 86— —e-1 29l-8,8671y7¢ 5o
Jt—rl(u—t)’s_ldté ol—6,8-1 jt ¢ df<€2 ¥
u

u
r<2t8(Laged)ostu.
nd L 17 @w)1du = o(1). Then
Lemma 2.11. Suppose e >0 a wi
i
w

w T
j r‘fer(r—u)f"l [f(u)ldu = o(1).
1 1

Fifeoidu f e e(e-u)tde
1 u

1
?’ffdrlf(ru)e‘l |f(u)ldu =
1

E =

Proof.

1—y
cn w .
Choosing y in 0 <y < 1 and multiplying by _tl e this is
‘ w

w
< W_Tj Lf ()| du j e (-7 (r_u)s—ldt

1 u

w
< B(e, 1 ~7)w_7j w71 | f(u)|du, by Lemma 2.8,
1

= o(1) by Lemma 2.1 (ii).

The following lemma, due to M. Riesz, is of fundamental importance in calculations in-

volving fractional integrals. 3

Lemma 2.12. (Riesz [18]). Suppose 0 <A <1, 1<t <w, and f€L(1,t). Then

t t w - ) _‘A_l
I'(1 *?\)J(w—u)’“lf(u)du = ?\j-fk(u)du J (w—u)* " (u-v) du.
1 1

f
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Lemma 2.13. Suppose 0<A<1,220,8>0,a+8=1.

(i) IfO<v<w<y, then
w
j =N 2de <A =0 TF(w—u)(y - W)L (y = pyre-1
v

(i) Ifi<u<y and fE€L(1,u), then

Jj{(y*t)kﬁzdtf(u—u)l_lf(v)dvl
1 1

SA-NTTO+DE-0M7 [ G=nrelf o) jay,
1

The case a=g= 2 of these results is proved in Borwein [3, Lemma 5 and 6], and the

proof of the general case is essentially the same.
Suppose A >0 and FEL(,¢). For v satisfying 1 <v <¢, let

0.0 = [ (=M (= fuydue
1

This integral exists for almost all » satisfying 1 <v <t.

Lemma 2.14. Suppose FEL(,t), and let Q(v, t) be given by (2.3) forany A >0.

@ Ifo<a<i, a=0,820,a+p=1, then for almost all v satisfying 1 <y <t
10, ) =TV (£~ )1 £, ()]
v
< (1-2)° J\I‘(A)(t-u)m‘lj(t—u)m"l If, () ld.
1
() If 1 <A<2, then forall v satisfying 1 <v<t,

100, ) =T (=0 £,6)1< 20N [ (=) 215, ()
1

Proof. (Cf. Borwein [3, page 316] and [4, page 205].)
(i) Integrating by parts,

0@ 0 = (=)™ [ (v puya
1

+ R j (=) 5 j =1 f(s)ds
1 1

David Borwein and Ken Robe; s
 part (i) follows from Lemma 2.13 (id).

: ) ith i u), we get
(l.l) [ntegratlﬂg by paItS with 11:tegrand f( ) g

we obtain
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0 =01 [ (= 20w 2 (40 - 201, (Wd
1

_ A—2
ntegrating by parts again with integrand (v — )" * £, (u), we get

00, 1) = T =) £ @)

u

1

" ) L ds.
+(?\*I)J‘(t-u)"_3{?\(t—u)+(?\—2)(v—u)}duj( s)* * f(s)ds
1

: ; Y ) ds,
' Applying Lemma 2.12 with X replaced by A—1 to the integral lf ="/ ()

9@, ) — TN (2= )* £, (0)]

_o-n? f(,_u)w (=) + (A=) (v~ w)) du
“T2-n )

u v

[ A1y [ ©-92 2=y as

1 u

v v - 1y —2
M d _ )?\—Z(S_y) A ds (t—u)h du,
<L !If,\(y)l yi(u ; J

since | A(t—u)+ (A—=2)(v—u)| <2(f—u).
Applying Lemma 2.9 (iii) to the integral yf (i— u)* 2du, we get

1Q(v,£) ~T(N) (¢ = )* 1 £, ()

=0 [ (o211 oyldy | (o2 (s-p) " ds
gzmt%i(: L) yj

= 20 [ (-2 1 001 ay.
1 |

Lemma 2.15. (Cf. Hardy [12, §5.15]). Suppose \> 0 and x is a function defined on
(1, =) and integrable on finite intervals. If s is finite, then

oo

j x(u)du = 5(C, \)
1
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y A
7 2
if and only if 3 lfmf\—l x(u)du = s as t - oo,

Proof. = f
oof. Let a(t)=m \x(1) = J‘(l —E)*x(u)du and let 1*(1‘)=l }m x(u)d
; t A—1 u.

fOI].O ln t
e re (8] W t e W g WO ldentltles Whlch 1 ay I)e eStablIShed USI

I3
a(t) = Ar(t) —(A—1) )\I—J\J-u?\

1

1 _ t
T(f)zi'a’(f)+%l) '%JO(u)du,

“Lr(u)du, and

3. The Spaces W_ and X.
P A

Let W (p>1) be the i
no
such t}fat rmed linear space of real-valued functions y defined on [1, o)

w

1

W j Y(@)—s|Pdr = o(1) as w— oo, for some s.
1

The normon W_ is gi 1w
givenby |y || = su (— P ar )P
» el lf ly(0)1Pde B In fact, W, isa Banach

Space (Cf. Maddox [1 pIOblE 11 pag r
g m 12
: ! | 7 o1 page 101 ) but the completeness of pr is not

Lemma 3.1. (B
(Borwein [5]). Suppose p > 1. If Flis a continuous linear functional on W,

then the e exist q real 18 I
¥ and a measurable real- Vallled furnction lede‘f‘HEd on [1 )

Z M, (a,1,p) < o, gnd
2 (3.1)
F(y) = bs+ f a(t) y(¢)dt forall y € Wp, (3.2)

1

where s satisfies —I r —
i f ly(¢) =s1? dt = o(1). Conversely, if a satisfies (3.1) then the

integral in (3.2) is absolutel
ly convergent
linear functional on W,, and gent forall y € Wy, Fdefined by (3.2) is a continuous

IFI < |b|+21/p S
< | | +2 ZOMH(OI’LP)-
n=

on Summabi]ity Fact

Let X,
!x(u)du =s[C h]p, for some s, with norm defined by

The space X,
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> 1) be the normed linear space of functions x such that

il = lxlly p = su (”j( uy x(u)dul” )Up

is the same as the space [, A], defined earlier. Define the map

, (A >0,p>

}\"‘1 nP

t
. TA—I(X) ()= mh_lx(t) = J (1 —%)R ! x(u)du.

1

Then T, _4 is an isometry of X AP onto a subspace of Wp.

Let F" (7\> 0, p =1, ¢ = 1) be the linear space of Lebesgue integrable functions which
1

yanish outs1de of a finite interval contained in [¢, ). Forp =1, A>1 — 2’ F i’ p 152

subspace of X, -, by Lemmas 2.6 (i) and 2.5.

Lemma 3.2. (Cf. Borwein [5, relation (8)]). Suppose A>0,p=1,and hand fare

measurable real-valued functions defined on [1, ). Suppose

> MmN p) < = and
0

n=

A(w) = ( fiu_?‘f(u)lpdu)/ =0(D).
1

Then f—l 1h(0) f(0) | dv < o=.

n+l

Proof. LetI = f = |h(v) f(v)ide = E f - Ih(u)f(v)ldu.

Ifp>1, -+ E 1, then by Holder’s mequa.hty,

n+l n+1

- 1

< Z ( j"rilukh(v)lqdv)”q ( J %lu_lf(v)lpdv) o
n=0 on an
2n+1 2n+1

= 1 " 1/
Z( j lv"h(v)lqdv) "q( . j lo ?‘f(v)lpdv) d
ﬂ=0 2?1 2 271

<21fp( M (b, )su Al < o=,
< ZO 500 Ap)) sup A(W)
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If p=1, then
- 2n+1
I< Z ( ess sup Iuhh(v)l)Jv = o M (v) | dv
n=0 2M<p<g2ntl
“ 2n+12n
<2 Z (B, 1)( = j iv"‘f(v)ldu)
= o

<2( D M, (2, I)) sup A(w) < oo,
n=0 w>1

Lemma 3.3. Suppose A>0, p =1, z‘, M (WA p)<oe, u>1,and N= llog, u]. Then
nj

oo

(i) JUH [h(v)ldy < i M, (h, X\ p).
u n=N
G)  IFA>1 —1 , then

j(u—u)l l[h(v)ldu <H Z M, (b, N p), (33)

n=N

where H is a constant depending only on \ and D
(iii) pr>1andé+ql=l,then

sup( jmh(u)sqdv)”" i M, (A, D).

Proof. The only case where the proof is not obvious is (ii), with p > 1, 1 — i <A<l
1.1 P
Let g satisfy 5 + E = 1. Then, by Hélder’s inequality and Lemma 2.8,

=3 2u co
j(u—u)‘\_l |h(v)|dv < j (v —u)1 ih(u)ldui-J (- 1 n)idv
u u 2u

2u

2u
_ _ 1/p 1 N
<(ju M (v —u)hP Pdu) (j |u"h(u)i‘?du) /q+21‘7‘ Z M, (h )\ D)

u u n=N+1

p p\l/p _
sg(q, lp—a) u 1”‘3{(QN)”‘TMN+(2N+1)”‘3MN+1} +2170 3Ty (A p)
n=N+1

<H D M (h\Dp).
n=N

.. bn Sum

: that F must have the form (3.2), where a satisfies (3.1). Define h(v) = {
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1 : . ; .
Lemma 3. 4. Supposep=1, A>1— E ¢ = 1. If f is a continuous linear functional on

FC  then there exist a real number b and a measurable real-valued function h defined on
[f’ ga) and vanishing on [1, ), such that

i M, (kN p) < > and (3.4)
n=0
F(x) = bs +j x(u)duj (- w)* L h(v)dy (3.5)

for all x EFi,p, where s satisfies lf x(u)du =s[C, AT,

Conversely, if h satisfies (3.4), then f defined by (3.5) is a continuous linear functional on
F‘;\ ) and

IFll < p1+242 > M (h N\ p).
n=0
Proof, Suppose h satisfies (3.4). If we define a(v)=v A=l h(v‘), then M, (e, 1, p)
=M, (h, A, p) and a satisfies (3.1). Applying Lemma 3.1, F' defined by (3.2) is a continuous

linear functional on W_.
Lemma 3.3 (ii) shows that A satisfies (3.3). If x EFC g then x is zero outside a finite
interval (1, ¢), and (3.3) and x €L(1, t) show that the Fubini inversion

oo

J' x(u) du j - Vhto) b (3.6)

c

= .:f h(v)dv jv-(v - u)h_lx(u)du

¢ c
is valid. Hence, if fis defined by (3.5), we have f=F T, | (with T, _, restricted to

C - . . . O . - .
F A,p), so f is a continuous linear functional on F g Since T, _; isan isometry,

Lfl < IFI < 1b]+ 217 3 M, (e,1,p)
0

n=

4
o

= |b|+2l/P Z M, (1 A p).

Conversely, suppose f is a continuous linear functional on FC . Then f- T, 1 isa
continuous linear functional on a subspace of Wp and by the "Hahn-Banach theorem can

be extended to a continuous linear functional F defined on all of Wp. Lemma 3.1 shows

I 2a(w) ifv>e

0 otherwise.
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Then M, (h, A, p) <M, (, 1, p), and (3.4) holds. For any x in F?f,P’

f(x) = £oTL (T, %) = F(T, %)

oo

bs +J a(u)dvj: (1 w%)?\-l x(u)du

1 1

I

It

o8 v

bs +J h(v)dv J (v - u)A‘IX(M)du ;
c 1

and (3.5) follows from (3.6).

Lemma 3.5. Suppose A\>0, p=>1, and x€X, . Then
1

- : - 1
H hthl,p < IIxIILfK’1 < [ x “}\,p’ where H=1+]1 Y i
; t
The first inequality follows from the identity m, x(#) =\t 5 {u’bl m, _, x(u)du,

by Lemma 2.1 (i), and the second inequality follows from Hélder’s inequality.

4. Proof of Theorem 1

Lemma 4.1. Suppose p=1, A > 1 _;—1; , and § € {[C, ?\]p; B(C)}. Then ¢ is essentially
bounded on (1, w) forany w < o,

Proof. Suppose, on the contrary, that ¢ is not essentially bounded on (1, w), for some w.
For each positive integer n, let £ , De the set of u satisfying 1 <u <w such that
n<|¢p(u)|<n+1,andlet e, be the measure of E, . By the hypothesis, infinitely many
of the e, are nonzero. Let I be the set of n for which e, is nonzero, and let

§= Z l Define a function x as follows:
nel 1
S sno(u) ifu€E,, n€l andS=c,
nce
n
x(u) = ’i sgnp(u) ifu€E, n€l and § <o,
n
0 otherwise .

Then ;fv [x(u)] du <o, so Fx(u)du is summable [C 7\]p by Lemmas 2.6 (i) and 2.5.
1

On the other hand Fx(u)cp(u)du =00, 50 Fx(u)qb(u)du is not bounded (C) by Lemm4
1 1

2.6 (ii), a contradiction which establishes the lemma.
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On

1 i
omma 4.2. (CE. Borwein [4, Lemma 2]). Suppose p > 1, \>1 =7, and ¢ = (LG Ay
B(C)). Then there exists ¢ = 1 such that f defined by

oo

f(x) = Ex(u)ff)(u)du, for x €F3 (4.1)
1

- " C
is @ continuous linear functional on F' D

Proof. ¢ is essentially bounded on finite intervals, by Lemma 4.1, so the integral in (4.1.)
'sts- for all x in F¢  forany c=>1. The functional f is cléarly linear. Suppose there is
1 -

:: e=1 for Which? is continuous on F‘; 7 Then we can find real numbers ¢, ¢, - - -

= p
and functions X, X5, - - such that ¢; =1 and, foralln =1,

N i >1, and (4.2)

X, EFTL ix, I, <277 f(x)
S [ 4.3)

_ ‘. :
g = By b N jzlx,(:)gb(t)\d
r=1 i i
i is not continuous on
fcy - 2Cp—1 and Xpsenrs Xy have been chosen, then since f

Fn=1 we can find x, satisfying (4.2), and can then define ¢, by (4.3).
Ap

is is a fini i - oo, We claim that
Now define x(£) =x; (D) +x, () ... This is a finite sum since ¢,

?x(u)du is summable [C, }\]p, whereas 1}cx(u) ¢ (u)du is not bounded (C).
il

o - - e f
We will show that { x(u)du is summable [C, A] # by showing that the conditions o

Lemma 2.2 are satisfied.

The (C, \) summability of j’ﬂx(u)du follows from Lemma 2.15, since for any integer s
' i
we have

lim sup
w>u—r e

o w
r 1

% j m,_ x(u)du = = j m, _y x(u)du
1 i

s—1
< ) “lim sup

g Ml

v w
1
% Smh_lxr(u)d = j‘ m;\_lxr(u)du
1

r=1 1
v w
+ lim sup Z l; J.mllxr(u)dufwj- mh_lxr(u)du]
L 1 1

w
.- 1 (.
-{-.25 su —jim_x(u)ldu
w>p1 W'l A—1"r

r=s



24 David Borwein and Ken Robeygg

<33 ol 458 X B by SR,

r=s r=g

Also, applying Minkowski’s inequality in the form

RS 1/p & 1 1/p
(_1{ ;lﬂ(t)ypdt) érzl(j-lf'(t)lpdt) ,

the [C, ?\]p summability of fx(u)du follows from

w t
: 1
1ims.up(l j lt""j(t_u)"‘l‘g;x(u)duw d,) /p
W — oo w
1

]
s
o2
A\
=
p———
T =

i ]
n
=]

A
18

Ixiiy, p * Z l1x g p < (1 +AH) 275*2, by Lemma 3.5.

r=s

To see that _IFx(u)qb(u) du is not bounded (C) we may apply the analogue of Lemma 2.3

~
i
Y

with summability replaced by boundedness, since, for any p > 1 and any integer n =1,
we have

!

[ oeta [ emwr o
1

i

n ‘n t
- Z ¢r dtJ‘(t' w)* " Lux, (u) ¢ (u)du
r=1 1

->{J- f} drf (¢ )% ) ()

cn 1

> Y [uxowan [ -upt et ar

r=14

n 0 oo
- £72dr | wlx, ()¢ (u)ldu
;I CJ; Ju x, (u

2 2
0 gummability Factors for the Strong Cesaro Method for Integrals 5
n

| < i & F ld
LY ey 2 [ i, old

r=1 n r=11

' ' : there must
This contradicts the assumption that ¢ € {1c ?\]p, B(C)}, and consequently there mu

. ; b
exist ¢ 2 1 for which f is a continuous functional on F g

: 4.2, there exists ¢ = 1
Proof of Theorem 1. Suppose ¢ E{[C Al P B(O)}. l::!y Lﬂmmac g agond
ch that f given by (4.1) is a continuous linear functional on F} P y s
;ue L=(1,c), and by Lemma 3.4 there exists a function A satisfying (3.4) and such that
it i i teristic function
£ has the representation (3.5) forall x €F i - Taking x(#) as the character

of (¢, w), and equating (3.5) and (4.1),

T d(u)du =b(w—c)t vjv du ]: (v—u) " Lh(v)d,

for all w > c¢. Hence

p(u)=b+ S (v-— u)?‘_l h(v)dv for almost all u >c.
u

( Finally, (3.4) and Lemma 3.3 (ii) imply that ¢ € L (1, %°) and, except on a set of measure

zero, p(u) b as u >

5. Lemmas Required for the Proof of Theorem 2

Lemma 5.1. Suppose A>0,p =1, nEOM"(h' A p) <, and
aowy (L J1um s @ =0Q). Then
i

1 v _
ij \h(@)f()ldv = o().
1

Proof. This follows from Lemma 3.2, by an application of Lemma 2.7.

Lemma 5.2. Suppose € >0, p=>1, +>a>0, and fis measurable on (a, t). Then

a

Tt t 1/p
[a-wtireraus e rf(llfP)U(t— W) 1f ()P du}
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s Jiod
Proof. If p =1 the result is immediate. If p > 1, let g satisfy 1; +E =1, and apply Holde

inequality to get
t t 1 t 1
j(r— w)e L if(u)| du Q{J(t* u)t 1 du} q{j(t— W)L 1Fu)P 1dul "’
a ' a a

t
The result follows from f(f —u)¢ 'du gé 15,
a

Lemma 5.3. Suppose € >0, §

=0, n is a nonnegative integer, and [ is measurable on
(1, 2"*1). Then

antl v
j v "8 du J (v—w) L1 f(u)l du
2.'1 1
g 2n+_1
e+l
< 2 (2nye 8+l [ 2,,,1+1 J [ f)] a’u}.
) 1
prtl v
Proof j b8 dvj(v— )1 |F ()| du
2P 1
2ﬂ+1 2n+1. .
=J 1f(u)ldu T u)efl dv, by Fubini’s theorem,
1 max (2™ ,u) '
2n+1 2n+1
<@ | i (- uw) do
1 max (2",u)
2H+]
2€+1 1
£ (2 8+1{2n+1 J [f(u)lduy;.
1

Lemma 5.4. Supposee > 0,6 20, A >0, p

Then
J g E ih(u)ldvj(v ~ ) L f(u)l du
1

. 2n+l
< ézeﬂfp Z {Mn(h,?(,p)(Z”)e_“l(T—l,,lj |f(u)1pdu)1/p
n=90 1

> 1, and h and f are measurable on (1, ).
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 Proof. LetI=I 8 Ih(u)ldvf(v —u)¢™1 |f(u)|du. Suppose p =1. Then

1
A< <M, (N 1) for almost all v satisfying M <y <2 50 by Lemma 5.3,

2n+1

I < i M, (b A1) j b8 dvj‘(v—u)e—l f (u) ] du
n=10 2” 1

2ﬂ+1
+] = - 1
<L $ weaner st | () )
3 € n=0 : 1
| Suppose P> 1 !—1) +1 = 1. Then, by Lemmas 5.2 and 5.3, and Holder’s inequality,
; : 2n+1 v
53 j v?\—ﬁm(v)ldvj(u—u)ﬂ \f ()| du
n=0 o 1
oo an+l - v i . 1"‘Pd
{ <X st i -0 i) aul " av
:& n=02n 1
2n+1 v llp
o0 1 —&pteplq j‘ el u)|P du}
it 3 g oap | [T om0
n=0 on :
2n+1 l"‘
- : P
. <L erlip Z M (h,)\,p)(Z")E_§+1{ = j if(u)? du}
7 € n 2
n=0 1
k|

Lemma 5.5. Suppose A> 1, p = 1, nEOM"U’ A p) <, and

Fu)=[f()do. Then 3 M, (FA=1p)<=
y =

Proof. If p=1, then

esssup  |ul L F(u)]
qngy<antl

M, (F, A= 1,p)

€ss sup
an<y<antl

P j f(v)dvl

< (2n+1)7\—1 j 'If(v)ldv'
2?‘!

I
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If p>1, then

an+l

M, (F,\—1,p) =(Zi,, j !u"_lF(u)iqdu)Uq

an+l N =

<(z [ eyt firean au)'*
27 = qn

= ptla-l J- f(v)ldv.

2?’!
Hence, in either case,

2m+1
Z M (F,\—1,p) < Z 2r+1)(2-1) Z j If(v) | dv
m = 2"‘

2m+1

Z j | £(v) | dv Z (2A 1)n+1

2m+1

<H Z (2’”)"‘1j |f(v)| dv, with H =
m=0 5

227\_2
25 =
2m+l

H Z j 1oL (0] dv

<H D M (f \p), by Lemma 3.3 (i).

m=0

G
Lemma 5.6. Suppose § >0, fEL(1,w) forallw>1, and F(t) = IT Then

@ fsﬂ(r) = F (1) - 5+1(r) and
@) [ 177y (0 = W Ey (),
1

Proof. (i) F,(t) —%Fsﬂ(z‘)

i du

t u) t
__IJ_J t=uy = d“':r(55+1)j(’_“)6
1 1

LemmaS"a' Suppose § >0,p =1, feL(l,w) forall w<<, and F(t)=

gummability Factors for the Strong Cesiro Method for Integrals 29
- On
: . B
L (w1 -55F) u T
“T(8) t
1

t
%- j(rﬂu)s_lfl(u)du
1

=?f6+1(t)df.

(i) This is Lemma 1 of Borwein [1], with p=0anda =6+ 1.

fl(t)
Then— f [t~ F (t)iP dt =o(l) i fandonlyzf— J'[t &= 1fs+1(t)ipdt = o(1).

Proof, Using the identity of Lemma 5.6 (ii), and Hélder’s inequality if p > 1, it is easily

Shownthatelther— f|t F (1P dt =o(1) or— flt e 1f 1(r)lpdt"'o(l}

implies @ I Fl1e 81 R, (O)IF dt =o(1).

The equivalence follows from Lemma 5.6 (i).

Lemma 5.8. Suppose A>1,p =1, and f x(u)du is summable [C, ?\] Let y(u)

Sy 2 ?vx(v)dv. Then ?y(u)du is summable [C, A — 1]p.
1 1

Proof. ? x(u)du is summable (C, A) by Lemma 2.2, so by Theorem 1 of Borwein [1],
1 ¢

Fy(u)du is summable (C, A — 1). Also, letting z(u) = uy (u),
1
¢

w
4 j' T j(r—u)?‘~2 uy(u)du |P dt
w

1 1

w
ra-17 1 S [N (P dr = o(D),
1

by Lemma 5.7 with 8 = A —1, f(v) =vx(v), F(u)=2z(u). Then {y(u)du is summable
[C, A-1],, by Lemma 2.2
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Le
mma 5.9. Suppose A\>1,p=1,t>1, fEL(1,t), k is a measurable function defineg
on (1, 5 . i T ;
(1,0, andnz‘,OMn (k, \,p) <o. Let B(u)=i{ (v =) Y k(v)dv and

: . gummability Factors for the Strong Cesaro Method for Integrals 31

¢ f, @) f £, )
fo-or T pydu - [ (=M 0 ds
1 1

yb(u)=f(v - u)h_ 2uk(v)dv. Then
t

t
1 J(réu)"lf(u)B(u)a’u—j(f—u)"'zfl(u)ﬁ(u)du
1

1

t

g

t 2
j(r—u)’** Lrwyou)du = (x—1) rj(:—ﬁ‘)*‘z
1

1

fi(w)

» 6 (u)du

‘ ‘ £ () -
t 7\(‘-{1 j (t-u)h_lf(u)e(u)du = tj (;-u)?‘*2 . 0 (u)du
fi(
+ (Z\—I)J(:_H)A—l Lui) W) du 1 rl
1 s +j(t—u)"‘1 {’1_15“_) 6 (u)du.
1

fi (@) femma follows.
- B(u)du. e

f
= 2(1\—1)J (t—u)r!
1.

Proof. Si o NA- o : 6. Proof of Theorem 2
f. Since ?\>1,t{(v u) llk(”)|d0<l{uf\ Lk (v)ldv <o, and O(u) is _ ‘
7 Proof. Suppose that ¢, h, ¢, b satisfy (1.1), (1.2), and (1.3). Relations (1.4) and (1.5) follow
from Theorem 1.
2 p v : If ¢(u) = b for almost all u > ¢ — that is, h is essentially zero — then ¢ € {[C, Ay [C N, }
(v-1) [k(uv)ldv = J [k(v)idv j (v- H* 24 ] follows from Lemmas 2.6 (i) and 2.5. Thus it suffices to consider only the case ¢ =1, b=0.
u : We write M, =M, (h, A, p). For convenience, define h(v) =0 forv <1. If p>1, we

absolutely convergent on (1, «°). Also,

dt

Ry
T

u

1 s take g to satisfy ;1) +é =1. H, H, etc. denote positive constants depending on Nandp

G e _ A—1 ;

A—1 J @~ |k (v)1dv, so ¢ only, not necessarily the same on each occurrence.
u

TR =D :{ (v — 1)* 2k (v)dv for almost all u > 1. We have g PO {x(u) is summable [C, N, - Let glu) =wx(w).
Lemmas 2.3 and 2.2 give

~

poart gl(tﬁ)dr is convergent as w — o, and (6.1)

V() — 0(u) = uj (0 — )" 2k()dy. = ~ri—1 ud' (1)

£

for almost all # > 1, so

¢ w
fl(u) rf(u) 14 F 1 J.= . pd e
= = o(l). 6.2)
e (L 1 ' ” it g, ()7 dt o
lj VW= | = g = - [Hiwewa .
1 1 ¥ : 1% . 5 t i
; Write A (w) = { it g, ()7 at and B(t) = lf(r.‘—u) g(uw)o(u)du.
_ £
= &= jf(u)()(u)du - ﬁ fl ()6 (1). (5.1) \ The latter integral exists for almost all > 1, since (3.3) implies that ¢ e L7 (1,1). Also,
1 (6.2) implies that 4 (w) is bounded for all w >1.
Taking the (A — 1)-st integral of (5.1) and multiplying by T'(A), ' Wehaye thow tha::v
I(w) = j ¢t~ A1 B(t)dt is convergent as w — e, and (6.3)

1
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J(w)

The proof is divided into four cases: ‘

el

(@ p>1and1—§<7\<1.

(b) p=1and A=1.
(c) p=land1<A<2.
(d p>=1and A>=2.

Case (a): Suppose p=1and1 —= < A< 1. Since g€ L(1,t) and (3.3) holds, we may

apply Fubini’s theorem to the double integral
t o
B(t) = J'(r ~u)* 1 g(u)du j (- T h)dv
1 u

for almost all #>1 to obtain

[ min(v,?)
B() = J h(u)duj
1 1
Write B(z) = B, (t) + B,(¢) +B,(t) where

(- Y- Leg(u)du.

t v
B, (1) = J‘h(v)du J(r—u)?\"l (v-u)* " g(u)du,
1 1
oo t
B,y(t)= J h(v)dy j (- Y@ -w)* ! =2 1) g(u)du, and
t 1
e t
By = [ ¥ h)an [ (= ()
t 1

=F(7\)g,\(r)j v L h(u)dy .
t

Then (6.3) can be written as I, (w) +1,(w) +1, (w), where I (w) = }Vt_h"lB (t)dt

for k=1, 2, 3. We will show that I, (*) and I, (=) are absolutely convergent and that
I, (w) is convergent as w > oo,

= ,};J'”‘ B(t)IPdt = o(1). (6_4)'
1

e
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n

i i .1
Applying Lemma 2.14 (i) mtha—ﬁ—i,
FALIB (D)1t ST {1, +15) where
1

o0 t
e Jrl'l dt j(rfu)"‘l |h(v)g, (v)|dv and
1 1

o iz v
e (G i UOIE G EACIES
1 1 1

oo oo

=J Ih(u)g?\(v)ldvj- A -0 L ar

1 v

-8 [ 2 1h0)g W) d < =,
1

~ by Lemma 2.8 and by Lemma 3.2 with f(v) = £, (v).

oo
oo

e = j h(v)!dvjlgk(u)ldujt Al(p - p)M2 Lt —uw)N2 1 gt

v

—

o0 . v
<a(3.1+3) [ o @)1 dy | (=M g 0 d
1 E

2n+]\

A

1/p
Jiuf"gk(u)l-” a’u} < o,
by Lemmas 2.8 and 5.4, with e =

; 6'=% +1, and

b |

H = B(;, ;)% PN2+1+1/P  Thys I, () is absolutely convergent.

- 1
Applying Lemma 2.14 (i) with v and ¢ interchanged and with == 5 we have

J M1 By (8)ldt < T(M{Ig +1;}, where
1

A1 g (mdtj (0= )21 =21} | A(v) | do, and

a\"-n
H"__'—'B



34

: 35
David Borwein and Ken Rober(s oo summabilify Factors for the Strong Cesaro Method for Integrals

To prove (6.4), in case p = 1, 0<A<1, define

_:‘-1
J—-;___}a

t A ar | =M ) d | -2 g, ()1 d
j U UIJ i K (w) = Jlt‘?‘B ()lar for k=123

e 1 () and K {(w) (1) follow
f 7 K, (w)=o0(l)and K,{w)=0
i . -1 ve J(w) <K, (W) + Ky (W) + K3 (w). Ky
16. < j A lg;\(f) | dt j iy (v — Ot [A(v)|dv : gf)£athe shaclsite gonvergence OfI (=) and [ (e°) respectively.
1 t i =3
r A1y p() | do
» \mrj Rlg(z‘)larrfv i
—j% h(u)jdvj(u—r)* Liemr g, ()it E Ky = ) ® .
1 1 - . w .
an+l - _ < r(;\)( Z ) j > g, ()1 dt = o(1),
L 5a+1/p -A /p = 1
2 Z [2”” J- I teble dt} 5 by Lemma 3.3 () <a<1
1 1 This completes the proof of the theorem, when p =1 and 0 ;
- § 1 1f—<7\<1. Define
1 Suppose p > 1,
= AU 3 MA@ € =, § t
i | i s wm-1 jl jh(v)dvf(f W —w) " g(u)du 1P dt, and
by Lemmas 2.9(ii) and 5.4, with e =7, § =A + 1. 3 1 % )
' 1
& v . y :
= [ 1o [ @- w2 g @l [ 16 -0 o= 2 {1 [ )dvj(:—u)" Ly - )" Lg(u)du P dt
1 1 u 5 2 w
1 t
v g
. -1, - ! 1
-<~.H1J‘ Ui\l’2 1 |h(v)|dvj(v_u)?kf‘2 11” J\gh(u)Hdu i Thenj(w)lfpéjl(w)lfp +J'2(w) Ilp_
1 . 5 i
.1 —=, andleta=1—§.
< S n+l : Chooseﬁmﬁ <|3<1:\50’€h3t7\1@>1 o Ao o B
H, ZOMnAn 2% < o, ; i
" A 1 : fl(w)lfp < F(?\){J3(w)1'fp +J4(W)”p] , where
by Lemma 2.10 with €e=A6=5,H =21-M2(2H1+1)X’ and by Lemma 5.4 w ;
: 14
T . A=) (e (v)]du} dt, and
“’ithf:l,5=5+l,and J3(W)'w§{t E(t o) Lh(v) 8y
: 2 2 : |
= l A/2+1+1/p _ A2+1/partl 1 w t v B P
2y =52 y  Hy = 2ZEREEE AL 1 J,(w) = 1 J{r—h E(tgu)m#l Ih(u),lduj(hu)“‘ : |g>\(u)|d”] dt,
w
This shows that I, (=) is absolutely convergent. 1 1 1
v ( by Lemma 2.14 (i). Then
Since { el [h(v)|dv < E M < oo, by Lemma 3.3 (i), the function ” ; ¢
F oA - L s m<t Hl jlv*h(v)l" d”}m ki drjﬂ(t’”)w—p T NOLEL
w(t) =rf v* L h(v)dv is of bounded variation on [1, =), and convergence of /,(w) as : 3 w )t /
1
w — = follows from (6.1). This completes the proof of (6.3) for the case p > 1, L = o(l)
1—+ €A<1.
p Gt
i
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by Holder’s inequality and Lemmas 3.3 (iii) and 2.11.

The conditions on § imply that Aa < 1, and hence (¢ —u)** ™1 < (v — u) 7! for
1 <v <t We have

w t
1 1 ‘o lrpla -
S Y q Aptp/q dt
T, (W) WHt j]u h(v)| dv} t
1 1
t v
-j(r—v)*ﬁp‘f’”(t—u)’m‘l lu_lgh(u)ldqudv
1 |
- w t .
_ 14 . - :
< (7\0’!)1 P( Z Mn) i J‘ t ap+p/q dr J.U Aap/q (f*v)hﬁp P4y ;
=9 1 1
v '\
et g P a,
1
by Holder’s inequality, Lemma 3.3 (iii), and Lemma 5.4 with ¢ replaced by v. §
oo LW v
— p1 - = :
J,(w) < (et P( > Mn) ;j vreP/ gy J(u—u)m Y=g, (u)iP du
n=0 1 1
L i b
. J PR/ (t=v) PP gt ! i
v 3
o w v -
< H( Z M”) B v.l: J I J(v ru)?“’l_1 iu_lgl(u)ipdu, by Lemma 23§, {
n=0 1 1 !
o2
where H = (ha)lkpB(?\ﬁp = p/q, \ap), and this is o(1) by Lemma 2.11. This shows that
‘Il(w)=0(1)- .
R
L,wiP < F(?\){Js(w)l"p +J6(W)1/P} , ilete
..’
1( ’
Js(w) = ;J |t g, (£) 6(¢)IP dt and
1 I
1 w oo t
- " ~ p
Jﬁ_(w)=;) Ht RJ (v— )61 |h(u)|duj(v—u)’*“ 1 Igh(u)ldu} dt,
1 t 1 .1.!3
by Lemma 2.14 (i). J(w) = o(1) follows from (1.4). Also,
i
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n

oo f
,ﬂhj -1 r(v)idv j (v—w) " g, (u)|du
t 1

o0

1
< (j iuJ\—l."q h(v)19 dv) la

t

r - p \l/p

(j pAptR/e (v—t)(k.ﬁ—l)P{j(uu)M—l | u lg;\(u)ld”} dv) :
t 1

7 By Lemma 5.2, with e = Aa, and f(u)=u_7‘gk(u) for l<u<t f(u)=0 for t<u<v,

this is

oo

<(a) (22 (

n=0

p-Aprplathenla (, £)Rem P gy

3

f 1/p
-j(u—u)wl 4™ g, () 1P )
1

<(5)" (2 m) d (=N 1 g ) 1P

oa

s j v—hp+p/q+k0ffv/q (v— t)(?\ﬂ—l)P du)”p .

t

- Since —Rp+§ +?\a§ +Ap—p = —Aa—1, thisis

. .
< H( Z Mn) (t“’“"j(r —u)re |y g, (u) 1P du) , where
n=0 1

H= (%)”q B(\8p — 2 7\0{)1"”. Hence J, (w) = o(1) by Lemma 2.11 and this shows
o q

that J, (w) = o(1).

This proves (6.4) when p>1, 1 #% <A< 1, and completes the proof of the theorem

forp>1,1 —% LN,

Case (b): Suppose A=1,p=>1,

w t
I(w) = j £2 dtjg(u)cb(u) du
1 1
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w t -
= ~2 v)dv
{ t ot !g(u)dué‘ h(v)d

t w
= j t2ar Jh(u_)gl(v)dv +j t‘zgl(tw(t) dt
1 1 1

= I, (w) +1,(w), say.
I(w) = jh(u)gl(u)dvj 2
1

v
w

w
- j % h(v)g (v)dv - %V j h(v)g, (v)dv,
1

1

which are convergent by Lemmas 3.2 and 5.1. Also, ¢ is of bounded variation on [1, «),

so 1, (w) is convergent. This proves (6.3) in case A =1.

Similarly, to prove (6.4),

. {%jlh(v)gl(v)mv]”dt)”"

+(§,f{ Igl(rmm} )“’
1

= 0(1), by Lemma 5.1 and (1.4).

TP < (

Case (c): Now suppose 1 <A< 2. Define Bk(r) and [ (w) asin (a), fork=1,2,3.
To show that I, (=) is absolutely convergent, we have, by Lemma 2.14 (ii),

}or—k—l | B, (t)1dt <20 (N) {1, +1 ), where
1

= t

I, = J ¢~ dtj(r—v)?‘_l Ih(v)gh(v)ldv, and
1 1

I -j: A ldtfm( )lduj(t-—u)?‘ 2 g, ()l du.
1

I, << follows as in (a). By Fubini’s theorem and Lemma 2.8,

= j Ih(u)idvjtgh(u)lduj AL~ 2 at
1 1

v
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On Su

<B(A—1,2) j " lh(u)ldvjlgh(u)l,du
1 1

oo v
< B(A— 1, 2)[ p A2 h(v)dv 5 lu~*g, (u)| du, and thisis
1 1

<2A*PB(A-1,2) D, M AQ"H< =,
n=0

byumma5.4with5=2,e=l.

: For I, (e0) we have, by Lemma 2.14 (i),

I’r"*’l | By(t)ldt < 2T(N) (I 1), where
[ = rl*l|gk(:)|d:f {v*—lu(u-r)’ﬂ} | h(v)| dv, and
6 L

t

oo

I3
la | h)ldo | = 1)l de.
1

t

7 =

trig, ()t j\ w2 h(v)ldy,

t

W
—
»-'t__.._.)a H{"—"Wg l—'!___._ﬁg

by Lemma 2.9(i), and this is < o=, as for /.

» j | h(v)| dv j (w-u)*"? g, ()l du j- 3l gy

%flh(u |du£(u—u)" 2jurg, (u)ldu
1

1 A—1+1/p M A(2n+1) < oo,
< 2*
AN 1) ;ﬂ

— 1. This shows that 7, () is absolutely convergent.

by Lemma 5.4 with 6 = A, €= A
I(w) is convergent as w =, as in (a).

Define J, (w) and /, (w) as in (a). Then, by Lemma 2.14 (ii),

? 7y (w)l’P< 21“(?\){.7 (w)”p +J, (w)1 },where

Ty (w) = i;f{r"\ j (t—v)*! Ih(v)gh(v)ldv]pdt, and
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J,(w) = i f{r"* J{m(u):duf(rw)ﬂ lgk(u)ldu}pdt.
1 1 1

t p
Since A> 1, 7, (w) < 1}”{% i h(v)gk(u)ldu} dt = o(1) by Lemma 5.1,

1
w
Letting N, = [log, ?],
w t v
J,(w) < »"t [ {:‘Aju"lh(u)ldu j(tw)” tu**gh(u)la’u}p dt
1 1 1

N+l .
{ra > MH(Z")"A(Z"“)} dt = o(1),
n=0

éHl
w

P—!_'_‘E

by Lemma 5.4 with e =X —1, § =0. Also by Lemma 2.14 (ii),

L < 2P(7\)[Js(w)”l’ +Jﬁ(w)1“’}, wihiere

Ts(w) = ;lvj |t 2 g, ()¢ (£)IP dt and
Jg(w) = v—lvHr"‘ j | h(v) | dv J‘(vfu)h_z Ig?\(u)ldu} dt.
1 t 1

Js(w) = o(1) follows from (1.4), and Jg(w) = 0(1) follows as in (a) if we let 8 =% ;
a=1- 31( . This proves the theorem for 1 <A< 2.

Case (d): The remainder of the proof is by induction on the hypothesis that the theorem
holds for A — 1. We may assume that A= 2.

Define j(v) = vh(v) and Y(u)=J (v —2)*~ 2 j(v) dv.

M, (i, \=1,p) = M, (h A p) and

£

j (=) 2 |j(w)|dv < J AR < Z M, <o,
u u n=0
s0j and ¥ satisfy the conditions (1.1) — (1.3) for A—1. Also, &, () = J h(v)dv and
u
7\—_11 o(u)=[(v-— 1.:)’“2 h, (v) dv satisfy the conditions for X — 1, by Lemma 5.5.
u

If y is defined by y(u) = u_z,g1 (u), then j’oy(u)du is summable [C, X — l]p by
Lemma 5.8. !
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Now, by the inductive hypothe

(A1l

d
o
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sis, ?y(u) ¢ (u)du and ;foy(u) Y (u) du are summable
1

and hence summable [C, )\]p; That is, (2.1) and (2.2) become
w t
X j i j(x—u)*‘zu‘lgl(u)gb(u)du 12 dt = o(1),
w
1 1

- : - R
H N dt ?(r -u)* 2,71 g (u) ¢ (u) du is convergent as w = =2, and similarly
aced by ¥ or A replaced by A+ 1. Applying Lemma 5.9,

b t
jerrj(r—u)’*‘lg(umu)du
1 1 )
t
R j(t —u)M2uT g (w) ¢ (u) du
1

‘ t
M1 drj(t = uz)"—lvflg1 (u) Y(u)du
1

= (- 1)

+ (A1)

»—‘!_.——ﬁe b—-g_.—‘s

w t
-2(A— 1)5 M1lgr j(r# w)M Tu"lg (u) ¢ (u)du
1 1

is convergent as w — o, and’)

(ij‘f lt""j(r —u) 1 g(u) ¢ (u)duIP df)up
i 1

f TR j(t_—u)"'z u g () 6 (u)du 1P ) L
1 1
w
J
1

( 1/p
il‘_;\j (- u)"_luglgl(u) ¥ (u)du |P dt)
1

< (af1)(
ool
+ 200, ‘:f Ui j (t—u) g ()¢ (w)dul® dr)”"

= o(1).

This completes the proof of Theorem 2.



42

David Borwein and Ken Robey,

References
1. Borwein, D.: On the Cesdro summability of integrals, J. London Math. Soc. 25 (1950) 289 -302
2. Borwein, D.: A summability factor theorem, J. London Math. Soc. 25 (1950) 302— 315, |
3. Borwein, D.: On the absolute Cesiro summability of integrals, Proc. London Math. Soc. (3) 1 (195
308-326.
4. Borwein, D.: Note on summability factors, J. London Math. Soc. 29 (1954) 198 - 206. _
5. Borwein, D.: Linear functionals connected with strong Cesdro summability, J. London Math, Sog,
40 (1965), 628 —634.
6. Bosanquet, L. S.: Note on convergence and summability factors (III), Proc. London Math. Soc.
(2) 50 (1949) 482 - 496. 5
7. Bosanquet, L. S., Chow, H. C.: Some remarks on convergence and summability factors, J, LOIldo_g_l o
Math. Soc. 32(1957) 73— 82.
8. Cossar, J.: A Theorem on Cesiro summability, J. London Math. Soc. 16 (194 1) 56 —68.
9. Cossar, J.: A note on Cesdro summability of infinite integrals, J. London Math. Soc. 25 (1950)
284 —289.
10. Flett, T. M.: Some remarks on strong summability, Quart J. Math. (Oxford), 10 (1959) 115 —139.
11. Hardy, G. H.: Notes on some points in the integral calculus, XXX: A theorem concerning summapj
integrals, Messenger of Math. 40 (1911) 108-112.
12. Hardy, G. H.: Divergent Series, Oxford University Press, 1949.
13. Hyslop, I. M.: Note on the strong summability of series, Proc. Glasgow Math. Assoc. 1 (1951 —53)
16—20. ]
14. Jackson, S. M.: Strong Cesdro Summability Factors, Ph. D. Thesis, The University of Western
Ontario, London, Canada 1975.
15. Kuttner, B., Maddox, J.: Strong Cesdro summability factors, Quart. J. Math. (Oxford) (2) 21 (197

16.

17.
18.

19,

20.

21.

37-59.
Kuttner, B., Thorpe, B.: Matrix transformations of strongly summable series, J. London Math. Soc.
(2) 11 (1975) 195—206.

Maddox, 1. J.: Elements of Functional Analysis, Cambridge University Press, 1975.

Riesz, M.: Sur un théoréme de la moyenne et ses applications, Acta Sci. Math. (Acta Univ.
Hungaricae Szeged) 1 (1923) 114—126.

Sargent, W. L. C.: On the summability of infinite integrals, J. London Math. Soc. 27 (1952)
401 -413.

Titchmarsh, E. C.: Introduction to the Theory of Fourier Integrals, second edition, Oxford
University Press, 1948.

Zaanen, A. C.: An Introduction to the Theory of Integration, third edition, North-Holland,
Amsterdam 1965.




