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1. Suppose throughout that (I,) is an unboundedly increasing sequence
of positive numbers with 7, > 1 and that

D A5

fise 10D

Then D is the lower bound of real numbers ¢ for which I, converges.

Let gy, o be respectively the abscissaet of summability (R, I, k),
| B, 1, k| of the Dirichlet series Xa,, ;. It has been proved by Bosanquet
that, for k=0, 1, ...,

G <oy t+D; (1)
and by Austin§ that, for £ >0, 0 <z <1,
Fpr e < o3+ (1—2)D. (2)

By investigating the continuity of o, as & function of %, Austin deduced
from (2) that (1) must hold whenever k>0 and k #k,, where k, is the
lower bound of numbers % such that o;, < oo.

The object of this paper is to prove directly that (1) is true for every
L>0.

2. Let

Write, for p > —1, w =1,
Dlpt ) Auw) = 5 w—b)a, = [lo—uyddw),
L, <w 4

where w #1,, if p < 0, and define B, (w) similarly.
Then||, for p > —1, A >0, Adp >0, w =1,

Ayu(®) = 1 | 001 A, )

1

It will be sufficient for our purpose to prove the following

TavorEM. If k>0, k+p > —1 and A,(w)= O(w*t?), then, for any
o>p+D, Za,l, ° is summable | R, I, k|.

We require some lemmas.

* Received 13 April, 1954; read 22 April, 1954.

f Bee G. H. Hardy and M. Riesz, The General Theory of Dirichlet’s Series (Cambridge
Tract No. 18, 1915), 45-46; and N. Obrechkoff, Math. Zeit., 30 (1928), 357-386.

1 L. 8. Bosanquet, Journal London Math. Soc., 22 (1947), 190-195.

§ M. C. Austin, Journal London Math. Soc., 27 (1952), 189-198.

|| See Austin, loc. cit.
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3. Levma 1. If0<8<1, uz=0and 1< <<w, then

5
I'(8)

This is due to Riesz*.

r(wgu)éflﬁl“(u)dul < max |4, 5(u)|.

1 l€u<sz

Lemmva 2. If £=0, k4+p =0 and A (w)= O@w"t?), then, for

=01, .. [kl and I, <w<l,,,

A#(w)=0{w“lmp( S )kﬂ}.

£m+1—zm
Bosanquet has proved this result| for integral values of k.

Suppose then that k is not an integer. Put s=[k], 8§ = k—s, and let
I, <w<l,,. Then, by Lemma 1,

w

I(w) = L (w—u)1A4, (u)du

i

2 ﬁ’ (w—u)-1 4, (u) dui[

1

(w—u)> 1 4 (u)du = O(wktr).

Also
1 (v m
I(w):w*j (w—u)tdu X (u—1, ) a,
st g, n=0 ’
g 1 8 m s w
= iy (zm—zn)nan( )j (w—w)*1 (u—1, ) du
8! w=0 n=0 7 ),

I e e
=~ Emer e

Let 0 < (s4+1)h <1,,;—1, and put w=1,+ (v+1)k in the above to
get, for v=20, 1, ..., s,

o, W = v —0{(1 a
2 o u P Aul) =1 (Bt (- DB) = OF (1t (- 18) 77},
where ¢, , = (v+ 1)+ D'(3)/T'(k+1—pn).

Since the determinant |¢, .| is non-zero, we deduce that, for
w=20-1... s, :
4,0, = O{ (Zm+ (S+1)h)k+p h#—k} -
Ifi,.,—1,<l, we take (s+1)h=1,,,—1, to get
; l ]{:7;1]
Aun) = O{ER Uy — )™} = O{lgjﬂ (m—ﬂ) b
l??’L+1_Zm J

and if [, ,,—I >1,  we obtain the same result on taking (s+1)h =1

m*

* M. Riesz, Acta Litt. ac Sci. Univ. Hungaricae (Szeged), 1 (1922-3), 114-126.
t Bosanquet, loc. cit., Lemma 3.
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With minor adjustments Bosanquet’s concluding argﬁment can now
be used to complete the proof.

Levma 3. If =0, ktp>—1, Ay(w)= Ow?) and b,=a,ly
where q is a positive integer, then

By (w) = O(wk+r+a),
For g =1 we have
By(w) = wAy (w)— (b+1) Ay () = O(uh+9+1),
and the result follows by induction.

Lemma 4. If k>0, o+k+qg¢>0,b,=0a,l,2 and

[t By s ) oo < o,
3
then Za,, 17 is summable | R, 1, k|.

This follows from a result* given by Austin.

4. Proof of the theorem. Suppose first that k= 0. Then
a, = A(l,)—A1,—0) = 0(,»)+0(1,7) = O@,F).

Since XIZ7*? <o for ¢>p+-D, it follows that Xa,l 7 is absolutely
convergent for such o.

Suppose next that k > 0, o > p+-D and that s+ 1, g are positive integers
such that s <k <s+1,1—0<q. Leté=rk—sand b,=a,l2

Note that Zl77tP < o0, (3)
and that, by Lemma 4, it is sufficient to prove that
@l
j w %2 B, (w)|dw < c0.
=0
Since B(w) is constant for [, <u <l,.,, we have, for ], <w <1,

w
1

I'(k) By (w) :J (w—u)e1dB(u)

= (01 Bl (k=) [ (o Bluydu.

Integrating s times by parts we get, for [, <w <1,

Bua() = = euw—L 2 Byl o (0—up Bl d, (4

where the ¢’s are constants, and ¢, ; = 0 if k is an integer.

#* Austin, loc. ¢if., Lemma 2.
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Now, by Lemmas 2 and 3, since k+p > —1 and k-+p+q >0,

L, Lo
B, (w) = o{w»zg;w(_L) }
lml-l l
for pp=0; 1, .. ¢and L, ew=l;
Hence, for n =0, 1, ..., s,

gﬂl
j H'L{F"*"‘*q(w—.lm)k*l*"L | B, (L,)] dw

In

I k= [l ) k=1—-n ]
- —o—g+1 Jp+g—1 m+1 _m A
offrenigre(; —lm) Ln. i) T i)

m+1
= O(I+7), (5)

If & is an integer, then, since ¢, , = 0, the result follows from (3), (4)
and (5).
Suppose finally that k is not an integer*. Then 0 <8 << 1 and

ol I
)3 5 . dwj (w—u)*2| B,(u)| du
0 1

Im

=

©  m—1(lny
Z j
m=1 n=0

Luti
w—w—]ﬁ—qdwg 'h (w—%)ﬂ_zl -Bs(u) |du
1. b

@ © Tl (A
S L j wo—-a dwj (w—u)—2| B,(w)| du
Iy

n=0 m=n+1JI;
w [ Int1
= X j w—‘f—k—‘?dwj i (w—u)—2| B,(u)| du
n=0 In-l-l Zn
— m1 I 5 6
i (6)
where
1 l;j_;"“—gj \duj (w~u)5—2dw}
Iut1
_037:1;’“ j ) 7 By )Jdu}
zu+l
'i'n+1 eip ( ) j (bppr—u)*t “sdu}
'n+1 I, 7
= Ol 5y rais ) = O, 7). (7

The required result now follows from (3), (4), (5), (6) and (7), and the
proof of the theorem is thus completed.

The University,
St. Andrews.

* T am indebted to Dr. L. 8. Bosanquet for simplifying this part of the proof.
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