EQUIVALENCE OF RIESZ METHODS OF
SUMMABILITY

D. BORWEIN anp F. P. CASS
Suppose throughout that A = {},} is an unbounded strictly increasing sequence

with A, = 0, that p is a non-negative integer, that 0 < 8 < 1, that « > 0, and that

o
> a,is a series of real numbers.
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The series > a, is said to be summable by the Riesz method (R, A, ) to s if
v=0

v

ANE
>, (1——”) a,—>§ as w-—> 00,
Ay <@ w
A summability method Q is said to include a method P, and we write P < Q, if
every series summable P to s is necessarily summable Q to 5. The methods are said to
be equivalent, and we write P ~ Q,if P = Qand Q < P.
It is familiar that

RALDSERLEDO < a<p). (1)

See [3; Theorem 16].
Our object is to prove the following theorem.

THEOREM. If « > p, then a necessary and sufficient condition for (R, A, k) ~
(R, A, p)is

lim inf tet1 5 1, @)

The case p = 0 of the above theorem is known; see [4] for full references.

The following lemma is essentially part of a theorem we established elsewhere [1;
Theorem 5]. A proof'is given here for completeness.

LEMMA. Suppose that a, , > 0 and that

¥v=0
tends to zero if and only if s, tends to zero. Then

liminfmaxa, , > 0.

", v
v+ =0

Proof. The hypotheses imply that lim g, , =0 for v =0,1,2, ..., and that
o0 n—+ow
SUp 2, @y, , < 0.
nz20v=0
Let p, = max a,, ,and assume that lim inf ¢, = 0. There is an increasing sequence
nz0

of integers {k;} such that
ka‘ L= 2_i.
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Define a divergent sequence {s,} by setting s, = 1if v = k; and s, = 0 otherwise.
The corresponding £, tends to zero since for each integer m we have

m o]
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= < ot 21
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We now introduce some notation and state a definition of generalised Cesaro
summability given by Bosanquet and Russell [2].
Let

h(""": V) = (Av+p+ ST hv) DP+1(w_ Av)p+5 (V < n, An-t'-,p+l < (.U),
where D?*1 is a divided difference operator defined inductively by

S DmE - DPh,

Dabvzbvs Dm+1bv'— (m =0, 1,)

f\v+m+1_')‘v
Let
Crl0 = i Ay CnerI = 20 (An-i-l_}‘v) (An+m+1—)‘v) a, (m =0,1,..)
v=0 y=
and let

n
Cnp+6 o= vgo h(An-}-pi-l’ y) Cvp'

The definition of C,?*? is unambiguous in the case 8 = 1, since (see [2] or [5])

CH*t = 3 Arpra=R) CF. ©)
Let
o
W iR

where E,* is the value of C,* obtained from the series with gy = 1,4, = 0(» > 0),i.e,

Bl B SN ki =10

Enp+a = 2 h(hn+p+ 1s ])) Evp'

v=0

The series % a, is said to be summable by the generalised Cesaro method
v=0

(€*, A ) tosift,*—sasn— 0.
We require the following results established by Bosanquet and Russell [2].

R, A k) ~ (B*, ) K); 4)
0 < Bvspr1s?) € hQyiprss ) ®)
< (p;fa) Pyepsi—2) O<v<n)
[2; Lemma 2];

Epte > (‘;‘:?) EP N, [2;Lemma3]. (6)
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Proof of the Theorem.
Sufficiency. Inview of (1), and the fact that A, ,.,/A, increases with p, it is enough
to show that condition (2) implies (€%, A, p+1) < (%, A, p). By (3), we have that

A A
tnp-l-l—fﬁi'i——’f—:t,,p (1_ n )

AR+IJ+1 n+p+1

It follows that condition (2) implies that #,7 — s whenever £,°*! — s, and hence that
(&*, A, p+1) = (¢% A, p). :

Necessity. Define A = {a,, ,} to be the matrix such that

n
e 2 Ay bl )
P

so that @, , = h(A, 4,11, V) EPYEP* for0 < v < n,and g, , = 0 for v > n.
By (5) and (6) we have, for 0 < v < n,

+6
0< h(An+p+17 V) < h()"v+p+ 1s V) < (pp ) (Av+p+1—hv)a

and

p+3 p+8\
‘Emp-hs = Enp Ag+p+1 (p+1) = Evp A€+p+1 (P+1 H

and therefore

; s
Osanvsgj—_—l—(l— A ) O <v<n). ®)
8 hv+p+1
Suppose now that
(R, A, p+38) ~ (R, 4, p). )

Then, by (4) and (7), the summability method associated with the matrix A is
equivalent to convergence, and hence, by the lemma,

lim inf max a,, , > 0. (10)
v nz0

It follows from (8) and (10) that

a
liminf(l— A, )>0,

L i vip+1l

and hence that

i daf kel o,

R0 n

“‘We have thus shown that (9) implies (2) and, in view of (1), the proof is complete.

Remark. Let p, g be integers with p > ¢ > 0, and let the sequence A = {A,} be
such that

lim infhf“—1 >1 and liminf Aty _ L

n—too " n—=om i
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Then, using the above theorem, we find that (R, A, ) ~ (R, A, p) whenever « > P, but
(R, A, B) ~ (R, A, q) whenever B > g. An example of such a sequence is given by

Ay =2"+r for n=m(p+1)+r and 0<r<p.
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