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ON ABSOLUTE BOREL-TYPE METHODS
OF SUMMABILITY

D. BORWEIN

1. Introduction. Suppose throughout that /, ¢, (r=0, 1, - - - ) are
arbitrary complex numbers, that A>0 and u is real, and that Nisa
nonnegative integer such that AN+u21. Let 5_1=0, s,= 2 7 0 a,;

0 anxl ntp—1 0 snxlﬂ‘i’].l‘"l
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Borel-type methods of summability are defined as follows: The
series ) o @n is said to be

(i) summable (B, N, p) to [, if s,,.(x) is finite for all x=0 and
Ae=sy u(x)—1 as x— o

(i)’ summable (B, \, p) to I, if ay,,(x) is finite for all x=0 and
Jte2ar, w(x)dx+sy_1—l as y— o ;

(ii) absolutely summable (B, A, u), or summable |B, A, ].LI ; toil, if
the series is summable (B, A, ) to land e %sy,,(x) is of bounded varia-
tion on [0, «);

(i)’ absolutely summable (B’, N\, u), or summable |B’, A, ,u| , to 1,
if the series is summable (B, M, u) to land [} e~%a,, ,(x)dx is of bounded
variation on [0, ).

Note that the methods (B, 1, 1) and (B, 1, 1) are respectively
equivalent to the standard Borel exponential and integral methods
B and B’.

The object of this paper is to establish the following absolute
summability analogue of a known inclusion theorem for ordinary
Borel-type summability ([2, Result I] and [1, Theorem 2]; see also
[4]):

THEOREM. If a>\, the series E; an 15 summable I B a,pB [ to 1, and
ay,.(x) 15 finite for all x =0, then the series is summable IB’, A, u| to 1.

It is known that [1, Lemma 4] a,,,(x) is finite for all x>0 if and
only if sx,,(x) is finite for all x =0; and that [3, Theorem 17] a series
is summable JB’, N ,ul to / if and only if it is summable |B, A, p.-{—-1|
to I. Hence “B’” may be replaced by “B” in the theorem.

2. Preliminary results.

LemMa 1. If 6 >0 and a series is summable IB’, a, ,BI to ] then it is
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summable | B', a, B+8] to L.
This lemma is known [5].

LeEMMA 2. If a>\ and B/azu/\, then there is a function ¥, con-
tinuous on (0, «), such that

T'(an -+ w
0 PEA—:+% = f it (= ),
= B T'(ar + 8)
R

and, for any 6 >0,
() wePga) = 0@+ u) (0 <u< )
where p=1—B—p)/(@a—N), o=B—ap/\, k=((a—N)/N) N/ o)/ (=D,
Proor. Let A(s) =T(as+B)/T (A\s+p). Then by Stirling’s theorem
(see [2, p. 129]), there is a positive constant C such that
h(s) = el loga—n 1oga~a+>.)asta—h)s+ﬂ—u{c Pl O(1/| s| )}

when |s| is large and Re s> —p/\. Since N> —pu/}, it follows from
the proof of Lemma 4 in [2], with co= —u/A, v =N, that there is a
function ¢, continuous on (0, «), such that

Wy = [Tesetgar (2 W;

fwz,,,_zq o)) | dt = O(h(n))  (n 2 N);

FVG(l) = O(pp—1-81@N)) = Q= (e+d)/(aN)) as t—0+;

and

ENP(t) ~ Ke ket @M otz as t— o0,

where K is a positive constant.
Putting () =t%¢(t), we obtain the conclusions of Lemma 2.

3. Proof of the theorem. Let
y=a/A, p=1—0@B—p/la—1A), ¢=8—1n
E=(y—Dyi0n, 5= (y— 1Y,

By Lemma 1, we may suppose, without loss in generality that B=+ypu,
i.e. that ¢=0.
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The main hypotheses of the theorem are that

4) f | aup(y) | dy < =,
0

and that

(5) a (%) 1s finite for all = 0,

Let ¢ be the function specified in Lemma 2. Then, for 0<x< =,

% amx}h_i_u_l I‘(om + B) o aﬂx?\ﬂ-F].L—I f )
_ B e b P
W) = B et B Ton ¥ ) ST+ 8 e
y =, ga(gtirgie)entst
6 = ﬂ—1+(1—ﬂ)mf (=B el (§) dt
(6) . e L — s

=
= xﬂ‘*l‘l’(l—ﬁ)l"}’ f t(l—ﬂ)lall,(t)aa’ﬁ(xlI'ytl,fa)dt,
0

the inversion of sum and integral being legitimate since, by (2), there
is a constant M such that

fmtn|¢(¢)|dt<MZ |a“
Q

n=N I‘(An + nu)

0 [ aﬂ[ pinte—1 ] x)nn-i-y-—

n=N I‘(G!” + 18)

which is finite by (5).
Substitute t=x"*y=, dt=ax>y>"dy in the final integral in (6) to
get

anu(®) = ax1 |y Ba g (ery)dy (0 <z < ),
0

and hence

f:e"| an.u(%) [ dx

€)) . .
< . =B — pali—A—1 ~dy) | da.
—afu | Gas(y) | ¥ yfuex | $(xy2) | dax

Now substitute x =y97"1, dx= (y—1)yv*2dv in the inner integral
on the right-hand side of (7) to get

fwe—“| a;\,#(x)| dx
Salr—1) [ ] oua)] [ ety [ w(o e | do



88 D. BORWEIN [January

Consequently, by (3), there is a constant M, such that
® [ elna@lasinf oot 160
1] 0

where
F4) = fwe_wy_wmm{ (y/v)M? + (y /y)-crkﬁ}.u—u—ldy'
0

Let f(v) =v*—v+k, ¢=yV""". Then fe) =f'(c) =0, f(v) >0 when
v>0, v#¢, and
f@)/ (v — )= f"()/2 = vy — 1)er2/2 as v—c.
Hence there are positive constants p, g, 7 such that

&) = p, v1f(r) = ¢ when0< v <¢/2 or v> 3¢/2;

and f(v) Zrv(v—¢)? when ¢/2 <v<3c/2.
It follows that, for y>0,

@

e—r('v—g)?ﬂ—a—sﬂdv + ylﬂf e—py}'vv—a—amdv
0

3cf2

1) s 9 [

c/2

3c/2 w© 4
._I,. y—ﬁﬁf vb*ldv + y—a'véf e—qyﬂ:"'" ﬂé—ld.v
0
c

/2

A e 1/2 ol —rt* + gy & —ptpe—1/2]¢
=2 T Y e tdt + y 0 e
0

§ @
+ y%u—a (_3_.6) 5—1 .+_ y—o'f(?'y,'('y—l)f e—qtt—l+3l(7—l)dt
2 0

_S_. Mz(l + y_g —|— y*n—ﬂ + y_o-ﬁ,r.,_l)

where M, is a constant; i.e.

© I(y) = O(1) 1=y <)
and, since §=(y—1)¥/y<v—1,
(10) I(y) = 0(y—r)  (0<y <.

In virtue of (10), we have
00 aﬂyczrﬁ-ﬁ—l

I(3)aas(y) = 1(y) ;}vm

v = Q(ye-rritaNE-T) = O(yrON+D),
=0(1) (0<y<1)
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It follows from (4), (9) and (11) that

fﬂ 6| tas(y) | I(v)dy < oo,

Consequently, by (8),

f e | (x| dx < =,
0

ie. D¢ a,is summable IB, A, ,u| .

Further, by the inclusion theorem for ordinary Borel-type summa-
bility referred to in §1, the |B, A, ,u,| sum of the series ZE’," @, is the
same as its |B, a, ,8| sum. This completes the proof.
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