LINEAR FUNCTIONALS CONNECTED WITH
STRONG CESARO SUMMABILITY

D. BORWEIN

1. Introduction

The object of this note is to characterise all linear functionals on the
normed linear spaces w, and W, defined below. By a linear functional
we mean one that is real-valued, additive, homogeneous [1; p.27] and
continuous. It is to be supposed throughout that co>p>1 and that

1/p+1/g=1.

Definitions. 1. w, is the space of real sequences x={z,} for which
there is a number [ =1, such that

N
Z |z, —lP=0(N),
n=1

with norm IRV Up
jaf=sup (5 Z izaP)”-
N=1 n=1

2. W, is the space of real valued functions x, measurable (in the

Lebesgue sense) in the interval (1, o0), for which there is a number =1,
such that

T
f |z@t)—1|Pdt=0(T),
1

I 2 1/p
||| =sup (T f [x(t)ipdt) ;
T=1 1

3. Given any real sequence o= {«,} we define a sequence {m,,(a, P by:

with norm

sup |ve,| if p=1,

on<p<2ntl

My (2, P) = 1 2+t 1/
( by \pqp}ﬂ) sl
on

2r =
4. Given any real valued function « measurable in (1, co) we define a
sequence {M, (x, p)} by:

ess.sup|ta(t) if p=1,
anf<antl

M'n(a’ p)= 1 ghtl 1/g
L jede) " i p> 1.
2??, an
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The spaces w,, and W, are intimately linked with the strong Cesaro
summability method [C, 1],. In fact, a sequence z= {x,}ew, and I=1,
if and only if »,—I[C, 1],; and any function in W, can be similarly
characterised.

We prove two theorems.

TreoREM 1. (i) If fis o linear funclional on w,, then there is a real
number a and a real sequence sequence o= {e,} such that

f@)=dy+ Sa,z, (1)

for every x= {x,}cw, and

48

m,, (o, p) <co. (2)

n=0

(ii) If a is a real number and o= {u,} is o real sequence satisfying (2),
then (1) defines a linear functional f on w, with

o0
“f“ < l GJ H2HP nEG My (&, ),
and the series in (1) is absolutely convergent for every x= {z,}cw,.

TrEOREM 2. (i) If fis a linear functional on W, then there is a real
number a and a real-valued function o, measurable in (1, ), such that

f(@)=al + jwa(t) 2 (t) dt (3)
1
for every xe W, and -
§0Mn(06,}9)<00- (4)

(i) If a is a real number and o is a real valued function, measurable
wn (1, 00), satisfying (4), then (3) defines a linear functional f on W, with

If <la|+2' 5 M, (, p),

n=0

and the integral in (3) is absolutely convergent for every xe W,

Theorem 2 will be proved first. Iam indebted to the referee for pointing
out that the first part of Theorem 1 can be deduced from Theorem 2.

2. Proof of Theorem 2

Part (i). Let L, be the linear space of real-valued functions z measur-
able in (1, co) for which

J‘w|x(t)\1’dt<oo,
1

Ik, = ([l pa) .

with norm
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Clearly, if € L, then ze W, [,=0 and which establishes (4) in this case.
2=l lw, <[]z, Case (b). p>1. Let M,=M,(«, p)and let
Consequently the restriction to L, of the given linear functional f | alt) |dv
on W, is linear on L. It follows from standard results [1; pp. 64-65] 2= o |31 signa(l) if 27<t<271 <2+ and M, £0,
= | M,

that t;here is a real- valued function o, measurable in (1, c0), such that

0 otherwise.

For= [ st 20 (5)

— e

Then we L, and so, by (5),

for all ze L, and either ol R
. ‘ f@)=]  |a@)2@)|dt= % a(t)| dt
ess.sup|a(t) <o if p=1, | 1 =
1<t oo
or © =X M, < z|-
f la@edt<oo if p>1. ( #<Iflll=] (7)
1
Further, for 25 < s i1 41
To show that o must necessarily satisfy (4) we consider the cases o 00 T<2eigarn,
p=1and p > 1 separately. *;T J‘T o di< 0 J~2=+1 i é g i
Case a. p=1. Let M,=M,(x, 1). There is a measurable set e, : A 2 40
of positive measure |¢, | in the interval (27, 27+1) such that .
1 £ 2078 3 On o0l
[t} > My~ —= fl
2 and, for 7' > 2r+1,
for all tee,. Let i fT ! .
2 o |z(t)Pdt < ——'f |z ()P dt < 2,
—sign a(t) if tee,, n<r, T A 2t Jy
x(t)= e €| Hence || z|| < 21417, and so, by (7),

0 otherwise.

Then z€ L, and so, by (5),
Illel>f @)= | st e dt= 3, ||‘°‘ ) de

inequality,

fl “Joctt) at

2(f)| di = |dt<— 3 2n <2,

n=0

|
>4 E-—j [ta(t) di=% E (M -——2?)
1 T 1 gt
T—L ix(t)[dté—ﬁfl
and, for 7' > 271
T eilaie —— [ e <1
_'T_fl o) Py L |2(®)]dt<1.

Further, for 28 < T < 25+ g 2741,
573 éu L‘Ew
1
Hence ||| < 2 and so, by (6),

2/ +3 3 5 =21l +124 3 Mo

It follows that fw| a(t) z(t)
1

3 M, <2 f],
n=0

which established (4) in Case (b).
Suppose now that p>1, M, = M, («, p) and ze W,. Then, by Holders

Idt—Ef |oe(t) (t) | dt

o]

n+1
< ¥ Mn(zpu-upm f 2 2 dt) Up
n=0 2"

© il ;
M, (2*” f ()P dt)”’
n=0 2"

2lp|| 2| X M,
n=0

z(t)
b

(8)

|dt < o0 whenever ze W,, and in particular,
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since the characteristic function of (1, o) is in W, that

r| «(t)] dt < oo.
1
Suppose next that xc W, and I=1,. Let

y(t)==@)—1,
{y(t) for 1<t<n,
0

e
yn(f) for t>n.

Then ye W, y,€ L, and

1 T
lyn—yll=sup (—T— Jn & ()

ip
—H’p) =o(l) as n—>o0.

But
If =9 =1 @)= F @] <[l gn—wl[£]l
and so, by (5),
£ (y)=lmf (y,) _hmj t) dt = Fx(t) «(t) dt—zf’a(z) dt

since both integrals on the right-hand side have been shown to be absolutely
convergent. Taking 8 to be characteristic function of (1, ), we see
that

F@)=fy+18)=1 ) +1f (6) = fs«:(t) () db+al,

where ®
a=f(8)— f a(t) dt.

1

This completes the proof of Part (i) of the theorem.

Part (ii). Tt follows from (8) thatif ze W, =1, and M, = M, (a, p),
then

If |_.” t) dt+al | <217 x| ZM +|al] (9)

Further, by Minkowski’s inequality,

(1-1/T)#l]< (—ler J;le(t)—llp di M-}- (—-;— flTlg;(t)P dt)”p

and the first term on the right-hand side is’e(1). Hence
<=,

and consequently, by (9),
r@i<lal(lel+2 5 )
n=

for every xe W,

|
|
|
!
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The additive and homogeneous functional f defined by (3) is therefore
also continuous on W, and

Ifl<|al+ 2t 3 M,
=0

Finally, by (8), the integral in (3) is absolutely convergent, and the
proof of Theorem 2 is thus complete.

3. Proof of Theorem 1
Part (i). Given any real sequence x= {x,} define a function x* by
x*¥(t)=x, for n<t<n+l,n=1,2,....

It is easily verified that this defines a one-one correspondence between
w, and a linear subspace W,* of W, such that

=1, and o] <o) < 27 ¥

Hence, given a linear functional f on w,,, the functional f*# defined by
fE@*)=f(z)

is linear on W,*. Consequently, by the Hahn-Banach theorem

[1; pp. 27-28] and Theorem 2, there is a real number a and a real valued
function «*, integrable over (1, c0), such that

> M, («*, p) <0
n=0
and, for every xew,,

F)=fry=ale s [T o)
1
=al,+ % Oy Ly
n=1

where Al
By = f o (t) dt.

Further, for «= {x,},
3 ol 2)< 3 My (o 0);

and this completes the proof of Part (i).

Part (ii). If 2= {z,}ew,, [=1, and m,=m,(x, p), then, by Holder’s
and Minkowski’s inequalities, as in the proof of Part (ii) of Theorem 2,
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=] [+ s}
f)=al+ 3 a,z,<|al|+ X |2,
n=1 n=1

<lat]+20] ] E m, <o (jol+2% 5 m).
n=0 n=0
The functional f defined by (1) is therefore linear on W,
[fll<|al+2P X m,
n=0

and the series in (1) is absolutely convergent. This completes the proof
of Theorem 1.
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