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ASSOCIATED WITH POLYNOMIALS

by D. BORWEIN
(Received 8th September 1959)

1. Introduction
Let s, s, (n = 0, 1, ...) be arbitrary complex numbers, and let
p(z) = p0+plz+...+pjzj
be a polynomial, with complex coefficients, which satisfies the normalizing
condition
p(1) = 1.
Associated with such a polynomial is a Norlund method of summability N,:
the sequence {s,} is said to be N,-convergent to s, and we write s5,—s (N,), if

J
lim Y p.S,-,=S5.
n=w v=>0
Evidently the method is regular, i.e. s,—5 (V,) whenever s,—s.
Let g(z) = go+q1z+... +q25 g(1) = 1.
For convenience, we suppose throughout that p, = 0 for n>j and g, = 0
for n>k, so that

p@= ¥ ph 4@= ¥ 4.2

PySn—v for n>j,
]

\lMH‘.

n
Z p\'sl’!"\l=
v=20

v

and

qySy—, for n>k.

1=

n
Z qySy—v =
v=0

v

The object of this note is to investigate some of the properties of Norlund
methods associated with polynomials. We shall also be concerned with the
Cesaro method (C, «), the Abel method 4, and the * product” methods
(C, ®)N, and AN,; the latter two methods being defined as follows. The

n
sequence {s,} is (C, ®)N,-convergent to s if f,= Y PySa-y—s (C0); it is
v=10

AN ,-convergent to s if 7,—s (4).

A summability method X is said to include a method Y if the Y-convergence
of any sequence to s implies its X-convergence to s. The methods are said
to be equivalent if each includes the other.

Throughout the note it should be borne in mind that the Nérlund methods
N, and N,, being associated with the polynomials p(z) and ¢(z), are not of the
most general type (see (2), § 4.1).
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i i lusion
2. Simple Theorems Concerning Inc :
We defer the statement of the main theorems till § 3 and proceed to prove

some simpler results.

Theorem 1. There is a sequence which is (C, «)-convergent for every a>0
but not N,-convergent.

Proof. If|z| =1,z # 1, p(1/z) # 0, then, for n>j,

S p2' = 2"0(1)2)

v=0
' H -
which oscillates as n tends to infinity; and so the sequence {z"} is not>f(\)fp
convergent, but as is well known, it is (C, o)-convergent to 0 for every o>0.

Corollary. N, does not include (C, «) for any o>0.
Theorem 2. The method N, associated with the polynomial f(2) = p(2)g(2),
includes both N, and Ng.

u - L A d
Proof. (Cf. the proof of Theorem 17 in (2)). Let i, v§=:0 B8 atl

n

St g Z _, Th
note that f(z) = n;g £.z" where f;, “Z‘O 2 en

n n
> fino= T dhes

v=0
which tends to s whenever #,—s, i.e. N includes N, Similarly, N, includes N,.

Corollary. The methods N, and N, are consistent, i.e. if s,—s (N,) and

! L thens = s'. _
Sn%;rcg?nrquheorem 9 we can at once deduce a result of Silverman and Szasz

i = (1+z+...+2)(1+)), g2 =
m 14), namely that, if p(z)l - ( : ;
((14),24T hef;‘)[(l +k), then a sufficient condition for N, to include N, is -t%lat
(1 +' shc')ﬁ-ld be a factor of 1+k. Theorem I (below) shows that the condmop
'stflso necessary. The next theorem is a generalisation of another of their
i . .

results ((4), Theorem 15).

j ] d g(z), normalized
I h(2) is the highest common factor of p(z) an
;h:’; l;’fir;ki h(lf) i)1, then a necessary and sufficient condition for a sequence
:;) be both Np- and N -convergent is that it be N ,-convergent.

Proof. That the condition is sufficient follows fron? Theorem 2. To prove
that it is necessary, we observe that there are polynomials

a(z) = nZ’o a,z", b(z)= HZD b 7"

such that 3 n
h(z) = a(z)p(z)+b(2)q(z) = : Z,o h,z

NORLUND METHODS OF SUMMABILITY 9

n n
say. Hence if t, = ZO PySp—y—s and u, = Zo 4,S,—,—*S, then
v= =
n n n
> hmo.= ¥ ar 4 Y b, ,—sa(l)+sb(l) = s,
v=20 v=20

v=20

since A(1) = p(1) = ¢(1) =1 The required result follows.

3. The Main Theorems
It is to be supposed throughout the rest of the note that

p(0) # 0.
This restriction is not a serious one, since, if r is a positive integer and
J+r n+r n
f@)=z2'p(z)= Y f,2", then & Tty Y pis we) thEt N, and N;
v=190 v=0 v=20

are equivalent.

Theorem L. In order that N, should include N p it is necessary and sufficient
that q(2)/p(z) should not have poles on or within the unit circle.

Theorem I If ¢(2)/p(z) has poles of maximum order m on the unit circle
and does not have poles within the unit circle, then (C, m)N, includes N > but,

for any >0, there is an N,-convergent sequence which is not (C, m—g)N,-
convergent.

Theorem M. If q(z)/p(z) has a pole within the unit circle, then there is an
N y-convergent sequence which is not AN -convergent.

Noting that (C, 0) is identical with N, when ¢(z) is 1 (i.e. go =1, ¢, = 0
for #>0), and that N » always includes (C, 0), we obtain the following corollaries
of the theorems.

I'. Inorder that N, should be equivalent to (C, 0) it is necessary and sufficient
that p(z) should not have zeros on or within the unit circle.

IU'. If p(z) has zeros of maximum order m on the unit circle and does not
have zeros within the unmit circle, then (C, m) includes N p but, for any £>0,
there is an N ,-convergent sequence which is not (C, m—e)-convergent.

IIY'. If p(2) has a zero within the unit circle, then there is an N p-Convergent
sequence which is not A-convergent.

Result T" is essentially equivalent to a theorem due to Kubota 3.

Some of the principal results established by Boyd and myself in a recent
paper (1) can be deduced from II' by considering p(z) = 27™(1+2z)" and
P(2) = a+Pz+(1—a—pB)z? with o, B real.

4. Proof of Theorem III, and Lemmas

Proof of Theorem III. We start with this theorem because its proof is
simpler than those of Theorems I and II.

Since 1/p(z) is analytic in a neighbourhood U of the origin, there is a
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sequence {s,} such that, for z in U,

Y, s.2"=1/p(2).
n=0
Let i
t, = Z DySn—vs u, = z qySp—vye
v=0 Ve

Then, for zin U,
0 [= 4]
Y t,2" = p(2) Y szt =1
n=10 n=0 ?
and
o0 o
Y u,2" = q(z) Y, s:z"= a(2)/p(2)-
»=0 r=0
Hence #, = 1, ¢, = 0 for n>0, and so {s,} is N,-convergent to 0. On the oth_er
hand Xu,z" has radius of convergence less than unity, becapse, by hypothesis,
4(2)/p(z) has a pole within the unit circle. Consequently, {u,} is not A-convergent
and so {s,} is not AN -convergent.
We now prove two lemmas.
Lemma 1. If q(2)/p(z) has poles Ay, Aoy -y A, (and no others) of orders
My, Mgy ..y My, aNA if, forn=20,1, ..,

n

n
= 2 PySn—vs Up = Z 4vSu-vs
vy=0 v=0

then

1 nmy

L d + -1 =
U, = Z cvtn—v+ Z Zlcr,pvzo(v P )11,- tn—v

v=0 r=1p= p—1
where the ¢’s are constants, depending only on Pg, P1s +++s Pjp Qo5 915 -5 T such
that ¢, = 0 for n>k—j and ¢, m, # 0

Proof. Let N be any positive integer, and let
e s, for 0Zn=N,
% 0 for n>N,

n n
=Y PSiey  Un= 2 QySu-v}
v=0 v=0
so that 1, = t,, u,=1u, for 0Sn=N, and t, =u, =0 for n>j+k+N. Then

o0 o0 o0 o0 ;
Y. tiz" = p(2) ¥ 525 Y uyz"=q(2) Y e
n=0 n=20 n=0 n=0
and so, since 0 is not a pole of q(2)/p(2),
o0
uiz = 4@) 3 he
0 p(z) n=0

[+s] 1 My z -p o]
e n 1—- = t,z"
B { Z Bt z Zi Cr’p( )u,.) }ngo

n=0 r=1p=

np1s

n

{
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where ¢, =0 for n>k—j and ¢, #0. Expanding (1 —z[A)”?, with
|z|<min(| 4 |, |42, s |4 ), and equating coefficients, we obtain the
required identity for 0S<n<N. Since N can be taken arbitrarily large it must
hold for all .

Lemma 2. If | A|>1, p is any real number, and t,—0, then

lim Y ("*P—l)a-%,,_v=o.

rroo v=20 p—l

. = — N s o ; .
Since Y. (v+p i )l ¥ is absolutely convergent, the result is evident.
v=20 =

5. Proof of Theorem I, and Lemmas

Proof of Theorem I (sufficiency). The hypothesis is that the function
q(2)/p(z) does not have poles on or within the unit circle. If it does not have
any poles at all it must be a polynomial and so, by Theorem 2, N, includes
N,. Otherwise, it follows from Lemmas 1 and 2 that 5,—0 (N,) whenever
s,—0 (N ,), and hence that s,~s (N,) whenever s,—5 (V).

The necessity part of Theorem I is a consequence of Theorems II and IIL
It remains only to prove Theorem II and for this we require three additional
lemmas. :

Lemma3. If|A]|=14#1,a>—15>—1, then

£ (e (e
v=20 o

+0n* " t+n* ).

Here and elsewhere it is to be assumed that powers of complex numbers
have their principal values.

A proof of the above lemma is given in (2), §6.9. Using a similar method
of proof we shall establish :

Lemma 4. If |A|=|p|=1 A#1, p#1, A#p a>—1, p>-1,

y>—1, and
By 5 (n—v+ﬁ)“v_,,(v+oc)l_,,,
v=0 B o

m= 3, (r;y) = (n:y) T R RS

then

# ("T) - p

o

+ ("Eﬁ) WL )T (L )

+0(n* " t4+n*" 1+t
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Proof. Note that, within the unit circle,
$ ot = (L=l A~z N1 -2)
o = w(z)
say, so that

2miw, = j w(z)z " 'dz
C

Letz, =1,2, =4, 23 = s and let n>1/0

where C is the circle | z| = p<L. Lot

where 6 = min (| z;—22 |, | 22— 23 |, | za—z4 [)- Then,

2riw, = i J‘ w(z)z " 'dz, (1)

r=1 ~

rmed by the circle | z—2z, | = 1/n and the infinite

i ur fo : .
o latter being described twice.

segment z = z,7, 7= 1+ 1/n, the

Let u(z) = (1-Wu)‘“—l(l—1/M)_ﬂf1(1—2)_?'1;

so that
j. u(z)z ™" ldz = j u(z)z™" " tdz
Ci C

g (Y
= 2mi(l—1/A) " A- 1w ~° ("‘y )

Further, for z on Cy, 1
z g -
wz)—u(z) = (1-2)""" j (7 N+ DA—YH A=)
1 +u_1(ﬁ+1)(1—t/l)ﬁ“‘1(1—f/u)_”’z}df
=0(|z—1|™.
Consequently, the contribution of the circle to

j {w(z)—u(z)}z"""'dz
Ci

is 0{(1/n)'(1[m)} = O(n?~ 1), and that of the rest of Cy (see (2), 138) is
is
0o {jw (x=1D7"%7"" 1dx} = 0m*™).
1+1/n

Hence |
- = —p—
‘[ w(z)z‘"'ldz=-‘. (1-—z//'L)”"‘"1(1—z,r'1u)"ﬂ 1(1—z) "1z dz
Cy Cy

_y[n+ i 5
=-_27u'(1-—1/2,)”°"1(1—1/,u)"3 1(’1??) +om ). 2)
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Now

f w(z)z""ldz=." w(dz)(Az) "1 idz
C c

1

= /’i,_"J‘ (1‘—2)_‘1_1(1_Az/l’u)—ﬂ_l(l_iz)_y_lz_n_ldz
Cy

= 2“511_"(1""‘1)—?_1(1""}./‘U.)_‘B_l (HIO{) +O(na_ 1) (3)

by (2), since | /A | =1, /A # 1, 1/4 # 1, uld # 1/A.
Similarly,

f w(2)z™" tdz = 2mip™"(1— )~ (1 — p/A) o1 (n;ﬁ) +0(n*~ 1, 4
Cs

The required conclusion follows from the numbered identities,

Lemma5. If|A|=1,A%1,a>—1and t,—0, then
= Y ("+°‘)r“:,,_v—>0(c,a+1).
v=0 o

Proof. We have

> ("He ) o (revrayvta)
= o "
'Zo(m)vnr r;o"'v§o< a )(oc)/L

which, by Lemma 3, is

o Bl 1=

and this is the required conclusion.

6. Proof of Theorem II

n n
Lok t, = E PvSn—vys Uy, = Z qvSp—y-
v=0 v=0

Our hypothesis is that the function 4(z)/p(z) has poles of maximum order
m on the unit circle and that its other poles (if any) lie outside the unit circle.
Alsop(1) = 1andsoz = 1 isnot a pole of g(z)/p(z). Hence, by Lemmas 1, 2
and 5, if 5,—0 (N,), i.e. if ,—0, then u,—0 (C, m), ie. 5,0 (C, m)N,. Since
all the summability methods concerned are regular, it follows that s,—s
(C, m)N, whenever s,—s (NV,), i.e. that (C, m)N, includes N

We have thus established the first part of Theorem II. To prove the
remainder, suppose, as we may without loss in generality, that

O<e<l.
Let the poles of g(z)/p(z) be 4,, A,, ..., A, with orders m,, m,, ..., m,. Suppose
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‘ . . 1e
the numbering to be such that the first I of these are the ones on the unit circ

and that
m, = m = max (my, Mas s m;).

Let {s,} be the sequence for which

n—e
—] A_" ;
i di-
the existence (and uniqueness) of the sequence {s,; being ensured by the con

! ,,
tion p, = p(0)#0. Then, taking c,,, to be 0 if p>m,, we have, by Lemma

t=1

5 oy Sl kel e Vs W 5
Z etpevt Y, 2 Cro ZO< q )A, ; I

0 r=l'+1p=1 v =

S ety if1=1

bomst o (vee Y o, it m> 1,
u},”— {rg 2 Cr,py;ﬁ( 1 ) e

= 1p=1 pP—
0ifm=1;
v = fypm—1 1 n—-v—s)x\i_,,i”,>1,
= {;Z‘zc"mvzo( m—1 ) ’ ( —g
iflI'=1;

ey —pfnt+m—¢
@ 1o i y+m—1\n—v—¢ =C1,m11"( )
U St o\ Rl —¢ m—g

Now t.-0, ¢, = 0 for v>k—Jj, and | 4, |>1 if I=r>1" hence, by Lemma 2,
ut—0.
Further, | 4,| = 1, 4 # 1 forr = 1,2, ..., I'; so that, by Lemma 5,
4P-0(C, m—1);

and, by Lemma 4,
uM-0(C, m—e),

i - m—1, —e) and m—e—1>—1L
Slﬂcé:)" seg iclrllltai;{(u —u®-0(C, m—g); but, by Lemma 3 .(or by TheoremTiG
in (2) Ilsit?ce ul® ;za(n""”)), u® does not tend to a limit (C, m—¢). e
1 ? n

x ce
sequence {u,} is therefore not (C, m—s)-.ch.nvergent, so that (t)he sequen
{5,} is not (C, m—&)N-convergent though it is N,-convergent to 0.
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