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ONE-SIDED TAUBERIAN THEOREMS FOR
DIRICHLET SERIES METHODS OF SUMMABILITY

DAVID BORWEIN, WERNER KRATZ AND ULRICH STADTMULLER

ABSTRACT. We extend recently established two-sided
or O-Tauberian results concerning the summability method
Dy o based on the Dirichlet series Zazne_"ﬂw to one-sided
Tauberian results. More precisely, we formulate one-sided
Tauberian conditions, under which D) ,-summability implies
convergence. Our theorems contain various known results on
power series methods of summability and, in the so-called high
index case we even obtain a new result for such methods. Our
method of proof uses asymptotic properties of the Dirichlet
series subject to the assumption that a, and An can be
interpolated by smooth functions. In addition we develop
refined Vijayaraghavan-type results which enable us to infer
the boundedness of sequences from the boundedness of their
Dy q-means and the one-sided Tauberian conditions.

1. Introduction and main results. Suppose throughout that
{An} is an unbounded and strictly increasing sequence of positive

numbers, that {a,} is a sequence of nonnegative numbers, and that

the Dirichlet series -
alx) = z ane T
n=1

has abscissa of convergence o € [—00,00). Let {s,} be a sequence of
real numbers. The Dirichlet series summability method D, , is defined
as follows:

8y — 8 (D/\,a) {OI‘ 85 = O(l)(D,\,a)}

oo
if E Ansne T g convergent for = >0, and
n=1

o(z) = % icznﬁne**“93 —s {oro(z)=0(Q1)} asz— o+
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through real values. It is well known (and easy to verify) that if
a(z) — 00 as * — o+ and if a, # 0 for infinitely many n, then Dy ,
is regular (which will always be the case in our results), i.e., s, — s
implies s, — s(Dj q).

Let the real functions g and X satisfy the following conditions:

(€)

g, A € Cslzg, 00) for some zg € N,
Azo) > 0 and A(z) — oo as z — oo,

N(z) > 0 and (i:gg) > 0 on [z, 00),
N(z) zX (x)
Alz) Az)

We define functions which play a crucial role in the asymptotic analysis

(cf. [1]):

is nonincreasing, and is nondecreasing on [zg, co).

1@ =¥ (53, 6@ = ;((Z)))ZL(xJ,

Suppose in addition that

an ~e 9 a5y oo, and M, =A(n) forn>xzpe N.

Our primary purpose is to prove three theorems concerning one-
sided Tauberian conditions on {s,} under which s, — s (D, ,) implies
8, — 5. These theorems generalize two-sided or O-Tauberian results
proved in [1].

By [1, Lemma 3] we have that o = —lim; . (g'(z)/N (z)) is the
abscissa of convergence of a(x) and that lim,_,, 4 a(z) = co. (As noted
in the Remark after Lemma 3 in [1] the proof of that lemma does not
require L or G to be monotonic. There is a misprint in the proof of

that lemma. On page 161, line 3 of [1] it should be ef2(%:%) instead of
e—Phz(k.x) )

The following three theorems are our main results:
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Theorem 1. Assume (C), and suppose that

Y(2)
Alz)

—0 and G(z)— € (0,00) asz— 00,

and that s, — s (Dx,.) and

1 lim liminf i 5 —5,) = 0.
( ) EirI(]]:lJr ;IE]{.)% ngmglé{ll»si(n)< medl n) -

Then s, — 8.
Theorem 2. Assume (C), and suppose that L(z) is nonincreasing
and G(x) is nondecreasing on [zg,00) with L(z) — 0 and G(z) — oo

as & — 00, and that s, — s(Dy4) and (1) holds. Then s, — s.

Theorem 3. Let A, := min(e®,e’) for n > zy, where

g'(n-1)

0 = gln) = gln — 1)~ (Am) ~ Aln ~ 1)) =5,

and

Bn i =g(n—1) = g(n) + (An) — An — 1)) -

Assume (C), and suppose that L(z) > & > 0 on [zg,00), and that
8n — 8(Dxq) and '

(2) Sn = 8n—1 = —CA,  forn >z,

where ¢ 15 o positive constant. Then s, — s.

Remarks. Theorem 2 with the more restrictive O-Tauberian condi-
tion

(1) lim limsup max  |$me1 —Sp| =0
=0+ p oo n<m<ntel(n)
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in place of (1) is proved as Theorem 1 in [1]; and Theorem 3 with the
O-Tauberian condition

(2’.) Sp — Sp—1 = O(An)x

in place of (2) is proved as Theorem 2 in [1]. There is no counterpart
to Theorem 1 in [1].

The three theorems deal with rates of increase, respectively decrease,
of the sequence of weights {a,} with respect to the “gap-sequence”
{An}. Though the same Tauberian condition is used in Theorems 1
and 2, the methods of proof are different in the two cases. Theorem 1
deals essentially with the situation where 0 = 0, and the function
S{t) =3 A<t @k 18 Tegularly varying with index larger than 1 (for the
notation see, e.g., [2]); whereas Theorem 2 handles the cases where S(t)
increases more rapidly, or § (00) —S(t) decreases more rapidly than any
power of ¢, but where we are not yet in the so-called high index case
which is finally considered in Theorem 3.

In order to get some insight into the results and to compare them with
results in the literature we shall now discuss some special gap-sequences

{An}.

(a) Ax = n. In this case we have L(z) = ¢"(z), l(z) = 1/4/9"(z),
G(z) = 22" (z), and the Dirichlet series summability method reduces
to the power series method, that is, a(z) = 372 | apt® with ¢ = e~*.
Without loss of generality we may assume the radius of convergence
of the power series is either R = 1 (ie., —o = lim;_,o ¢'(z) = 0)
or B = oo (ie, —og = limg 00 ¢'(%) = 00). When R = 1 we get
Abel-type summability methods, and when B = oo we get Borel-
type methods. Tauberian theorems for these methods, in particular
the Abel and Borel methods, have a long history beginning a century
ago with Tauber’s result on the Abel method followed by Hardy’s and
Littlewood’s results on that method. Oscillation conditions as used in
Theorems 1 and 2 were introduced by Landau [20] and Schmidt [21],
[22]. General power series methods with regularly varying weights {a,, }
were studied by Jakimovski, Tietz and Trautner [11], [25], and our
Theorem 1 under slightly different assumptions applies to their results.
More general classes of weights are discussed in Kales [13] and in
[16]-[18]. The latter results use two-sided conditions, while in [14], [15]
the corresponding one-sided results are proved. Our Theorems 1 and 2
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cover these results. Actually, also for power series methods the case of
regularly varying weights needs a different treatment from that for other
weights. A high-indices theorem for power series methods is given in [5];
however, only two-sided conditions are used, i.e., s, — 8,1 = O(Ay),
while our Theorem 3 deals with the corresponding one-sided Tauberian
condition for this case.

Some results on Dirichlet methods can be found, e.g., in 3], [4], [23].

(b) A, = n® with @ > 0. As above, we consider the cases ¢ = 0 and
o = —o0 separately.

(bl) ¢ = 0. In this case we have ¢'(x)2!™® — 0 as z — oo, e.g.,
g (z) = —2> P~ with 8 > 0. If 8 = o, then L(z) = az~? and
Theorem 1 applies with I(n) = n. If 8 < o < 8+ 2, then Theorem 2
applies with {(n) = nt=(®=#)/2 and finally if & > §+2, then Theorem 3
applies with log A, ~ (3/2)n®#-2,

(b2) 0 = —oo. Here we have ¢'(z)z!™® — co0 as z — o0, eg.,
g'(z) = 227! with 8 > 0. Now Theorem 1 does not apply. If
o+ 3 < 2, then Theorem 2 applies with I(n) =< n'=(@+8)/2 and if
o+ 8 > 2, then Theorem 3 applies with log A,, ~ (8/2)n*+0-2,

(c) A = eY™. Again we consider the cases ¢ = 0 and ¢ = —co
separately.

(c1) o = 0. In this case we have ¢'(z)y/ze V® — 0 as ¢ — oo, e.g.,
g'(z) = —z*, so that L(z) ~ (1/2)z*~ /2 as z — co. Tf o = —1/2,
then Theorem 1 applies with I(n) = /n. If —1/2 < & < 1/2, then
Theorem 2 applies with I(n) x n(1/4~(/2)e and finally, if o > 1/2,
then Theorem 3 applies with log A,, ~ (1/4)n®=(1/2),

(¢2) 0 = —oco. Here we have ¢'(z)\/re V® — o0 as z — 00, e.g.,
g'(z) = 22~/ VT with o > 1/2, so that L(z) ~ az® (3/2eV? a5
x — 00, and Theorem 3 applies with log A,, ~ (a/2)n®=3/2evn,

(d) A\n = €*. Now 1 = (M(z)/A(z)) # 0, G(z) = L(z), so that
neither Theorem 1 nor Theorem 2 is applicable. For g(z) = —az with
a > 0, we have L(z) = a, and we can apply Theorem 3 with 4,, = 1.

Note that we always need growth conditions on s, —s,_1, so we do not
get a high indices theorem without such conditions, in contrast to what
has been shown for the Abel method by Hardy and Littlewood [9], for
the Borel method by Gaier (7], for the logarithmic method by Krishnan
[19], and for a somewhat larger class of methods by Jakimovski, Meyer-
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Koénig and Zeller [12].

(e) An = log(n + 1). This gap-sequence is not in the range of our
theorems because z(\ (z)/A(z)) \, 0 as & — oo, and this violates one
of the conditions in (C).

2. Proofs of the main results. Qur main tool in the proof of
Theorem 1 is the following result due to Borwein [4, Theorem 6]:

Lemma 1. Suppose that the abscissa o = 0, that

n
An = E ap — 00, )\n+1 o )\n,
k=1

A A
—= —1 when == —1, m>n— oo,

n T

A
liminf(s, — s,) >0 when A—m — 1, m>n— oo,
T

and that s, — s (D) o). Then s, — s.

Proof of Theorem 1. Assume the hypotheses of Theorem 1. Then,
for z > xq,

g@ g [, N() N [TA®)
Y@ e~ L, SOG4 < 2 0@ [ g <o
so that o = —lim;—,(¢'(z)/X (z)) is finite. Moreover, for z > g,
Y@ [ X &
Y@ oL Osm e Sa

where 6)(x) — & as z — oco. Hence, for z > z,

~g(@) + g(z0) = - ] V) /g\g f= f ’ (JA’(t) + 51(t)§((;))) ”

=: oA(x) + 8(x) log M(x),

where §(z) — 6 as z — oo, Consequently,

gy roe B8 — 6—9(::0)60/\@)()\(,15))5(&) as k — oo,
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and
oo oQ

a(z) = Zake"’\’“m ~ ¢~9(20) Z ENe=D Ak asz— o+,
k=1 k=g

Thus we may assume, without loss of generality, that ¢ = 0 and

g(zo) = 0, so that
ar ~ (Ak)*®)  as k — oo,
and
—g(x) = 8(z)log AMz) € Calzg, x0),

where d(z) — § as z — oo. Consequently ap = f(\(k)) with some
regularly varying function f. We then have:

(i)

n+1 v/
AKIIZBXp{fn /;‘((tt))dt}él as n — 00;

Ay 1= Zak ~ Z Ak - 00 asn — oo.
k=1 k

=T

Suppose now that

(3) m>n— oo Withi—mﬂl.
Then N (m) m () 5
(m—n)/\(m) </ﬂ ) dtzlogfao.
Hence
_m-n A (n) . A(n)
0<e(m,n) = o (m—n) \n) W)V () 0,

since
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Thus, subject to (3),

m=mn+e(m,n)l(n) with e(m,n) — 0.

Further
DLy, il Z ap ~ Z e 9% / e 90 gt
k=n+1 k=n+1
because

—g'[t) = X(t) ftm G(u) ;;EZ% du = §, (¢ )/\((t}) >0 on [zg,00)

with 61(t) — & as t — oo, so that

e—a(k+1) k+1 ,
m=exp (—-/k‘ g(t)dt)
k+1 I(t)
:exp(f () dt>—>1 as k — oo.
k

Alt) |

|

Also, |
m |’

/ e~ dt ~ (m — n)e™0™ ~ e(m, n)i(n)ay, :

n y

since '{
e—9(m) " ’ !

ey = P (*/ g(t)dt) |

’ 8 |

= exp (] 51(75)/\—@— dt) (Am) L |

Next, since |

Im) 1 i) 1 Alzo)

" s N = U moN(zd) zoN (zg)’ f

we have that, for a sufficiently small positive constant ¢ [

L n
Ap ~ Z e~ 9(k) 2] e 90 gt ~ cl(n)e=9(m) ‘
n—cl(n)

k:::l’.‘g
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and so, subject to (3),

0< Ay — Ap ~g(m,n)l(n)e™ 9™ = 0(4,), whence iﬂ — 1.

T

We have thus shown:

(iii) If m > n — oo with (A,/An) — 1, then m = n + £(m, n)l(n)
where £(m,n) — 0, and (A,,/A,) — 1.

Observe now that:
(iv) If m > n — oo with (4,,/A,) — 1, then

[ €M ) [0
A, /mo e N dt < X /.. e g'(t) di

1
~ — [(n)e=9(M)

V3

4

and -
Ay — Ay ~ f e 9 dt > (m — n)e 9",

so that, for a sufficiently large positive constant ¢,
Do = MR gt An ) ¢ o Am = An
I(n) An l(n) - A,

Le., m = n+e(m,n)l(n), where e(m,n) — 0.

0 <e(m,n) =

It follows from (iv) and condition (1) that:
(v) liminf(s,, — s,,) > 0 when m > n — oo with (An/An) — 1. By

virtue of (i), (ii), (iii) and (v) we have, by Lemma 1, that s,, — s (D)
implies s, — s. n]

Proof of Theorem 2. Suppose that s, — s (D) ,) and that (1) holds.
Then, by Theorem 4 below, s,, = O(1). Therefore, by [1, Proposition]

(4) lim fn,(a)=s foralla >0,
where
1 (s ]
fala) = ———— spe”e9k) g=Ak)nla)
@) 2

do(z) = Z g 9(k) o—A(k)z

k=.'1:0



806 D. BORWEIN, W. KRATZ AND U, STADTMULLER

and

To(a) i= — o

Next, our assumptions imply that, as z — oo,

1 I(z) Alz) 1
(5)  Iz) o /oo and GINGO)
We may assume that s = 0, so that we have to show that Sp — 0.
We proceed as in [15, Section 3], [14, Section 3.4]. Suppose, in
contradiction to what we wish to prove, that Sm, = ¢ for some ¢ > 0
and a sequence of integers {my} with 1 < m; < my < ---. By (1)
there exists € > 0 such that

N 0.

1
lim inf min s —8n) ==
n—00 n5m5n+4sl(n)( e n) -3 &

so that, for sufficiently large N,

1
5m+1_5n2ﬁ§§

whenever N <n<m<n+ 4el(n). Hence

Smtl = Sm41 — Smy + Smy, 2 5 ¢

for N <my <m < my + e l(my).

Define ng = my + [2el(my)]. If ng — el(ng) < m < ny + el(ng)
and if k is sufficiently large, then it follows (in view of (5) and since
1 < ({(ne)/l(my)) < (ng/my) — 1) that m < my + 4el(my,), and that
m — 1 > my so that s, > (/2. Since s,, = O(1), it follows from [1,
Theorem A and Lemmas 4, 5, 7, 9 and 11] that for all o > 0,

a 1 nt+é(n) 2
frla) — = e f el )(E=n)"/2 01y | = 0,
() 21 1(n) Jn—s(n) (®

lim

n—oo
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where s(t) 1= s for k <t < k+1, §(z) := (v/10)(Mx)/N (z)), and
7y := min(1, (zoX (20) /A(20))). Substituting v = (¢ — n)\/aL(n), we
get that

n—el(n) —e/a
/ em L) (t-n)*/2 gy < Lt f e~V /2 gy,
n—5(n) Ve oo

Hence, for some constant ¢ > 0 which does not depend on « and n = ny,

lim sup f, ()

—CO

n+el(n) 55 -
S Rl T Jue
n—0o0 2 l(ﬂ.) n—el{n) i

n+el(n) 1e%s)
S limsup ) e o= (1/2oLm)(E-n) gy ] sayaet g
n—oo 2 2m Z(TL) n—el(n) eva

eV
:EL ae’(l/z)”g dv—c/oo gt d’t)—>£ >0 asa— oo,
2\V2r J_cya o 2

which contradicts (4) with s = 0. This establishes the desired result.
o

Proof of Theorem 3. Suppose that s,, — 5(D, ,) and that (2) holds.
Then, by Theorem 5 below, s, = O(1). Since A, > 1 for all n > o,
it follows that s, — s,_1 = O(A,). Hence, by [1, Theorem 2], 8n — 8,
and this completes the proof. O

3. Vijayaraghavan-type results. In this section we prove two
theorems. The proof of the first of these uses Vijayaraghavan’s theorem
[8], [26], [27] directly, and the proof of the second is based on the
method of proof of Vijayaraghavan’s theorem in [8].

Theorem 4. Assume (C), and suppose that L(z) is nonincreasing
and G(z) is nondecreasing on [zy,00) with L(z) — 0 and G(z) — oo
as x — 09, that s, = O(1) (D, ,), and that

1x lim inf mi - > —o00.
(1) W i P T Sn) > o0
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Then s, = O(1).

The main tool required for the proof of Theorem 4 is the following
variant of a result originally given by Vijayaraghavan [26], [27]. It is
stated in [14] and [15] and can be established by slightly modifying the
proof of Theorem 238 in [8].

Lemma 2. Let s(t) := s, forn <t < n+l,n=12..., and
suppose that c,(t) and ¢(t) are functions on [to,o0) for some tq > 0
satisfying:

() forn=1,2,.., ca(t) 2 0 on [to,00), ea(t) — 0, T2, co(t) — 1
as t — oo;

(ii) ¢(t) is positive, strictly increasing and unbounded and $(t +1) —
¢(t) <2 on [tg, 0);

(iii) Eﬁil cx(t) — 0 when ¢(t) — p(M) — oo, t > M — 00;
(iv) Y ren cu(t){o(k) — $(N)} — 0 when ¢(N) — ¢(t) — 0o, N >

t — oo;

(v) s(u) = 5(t) > —a{d(u) —p(t)} — b foru >t > o, where a, b are
positive constants.

Suppose also that Z:‘;l ck(t)sk s convergent and its sum is bounded
fort > tg. Then s, = O(1).

We also need the following result:

Lemma 3. Under the assumptions of Theorem 2 or Theorem 4,
Ay 1= iI;f a(z)e*® ~ \/2x ayl(n),

and

E

oo

a
E = 0.
k=1

>

Moreover, for large n,

_ AnTn g!(tn)
Bn = afan)e™,  zq = N(tn)’




F
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where the sequence {x,} is ullimately ﬁonmcreasz'ng with x, — o,

o=t (-5

and {t,} is ultimately nondecreasing with \/L(n) |n — t,| — 0.

Proof. First, choose ny such that a, > 0 for all n > ng — 1.
Then, for n > ng, we have that a(m)e)‘nz > Gpo1ePn—dn-1)z o
as ¢ — 00. Also, if ¢ > —o0, then a(z)e’?® > a(z)e*® — oo
as ¢ — o+, since a(x) — oo as z — o+; and if ¢ = —oo, then
a(z)er® > an1ePnAni)e o a5 1 — ot Hence, for every
n > ng, there exists a finite x,, > ¢ such that A, = a(:cn)e“m“.
Next, for m,n > ng, we have that A, < a(z,)e % = A, e(Pm=In)on
whence, by symmetry,

Bm o (Am—Anen
AV
It follows that, if n > m > ng, then z,, > z,, i.e., the sequence {zst
is ultimately nonincreasing and so tends to a limit p > 0. Assume, if
possible, that p > 0. Then z,, >z, > pforalln>ng,and p—e > 0o
for some & > 0. Hence, by the definition of z,,,

e(/\m_)\n)mm S

g 5 a(xn)e)\nxu > a(mn) 65)\71 N a(p) 65’\” 585
a(p —e)ernle=€) = a(p—¢) a(p—¢)

as n — 0o,

which is a contradiction. Thus 2, — p =0 as n — oo (cf., [16]-[18]).
Observe also that, by [1, Lemma 3], o = lim¢_,o(— (g’ (£) /N (£))).

Assume throughout the rest of the proof that n is large. By (C),
we now get that z, = —(g'(t,)/N(tn)), where {¢,} is nondecreasing
and unbounded. Let a(z) := 377 e 9*le=2(*)e Since q,, ~ e~9(")
and t, /" 00, it follows from the regularity of the Dy , method and [1,
Theorem A] that

(6)

An Ly, - . n ! n
o —a(an ) ern®n ~ G (* i,gn;) exp (g(n) — A(n) )g\ (t ))
~ V21 I(t,)e 1 (tnm)
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where, for all ¢,z > zp,
_ : g'(t)
it 2) 1= 9(8) ~ 9(2) + (M&) ~ M0) 3

f/ ’\'(”) ) dvdu < 0.

Let 6 = d(z) := H(A(x)/N(z)) with 0 < 7. < (v/10) = (1/10)
min(1, zo(A(zo)/N (z0))), and let g <t <2 — 8, 20 < u < z — (6/4).
Then, by [1, (17) and (19)],

hi(t,z) < hy(z—6,2) < — —L(z) = — G(z),

e[ S4) oo (151 12) 10

o Mm)_f X0, ¢ XE) /9

Az — (8/4) G/a) AMv) (@) z—(5/4)
5 )\’{a:) M (w) _1 o Ax)
=3 Mz) = 2_/z_g A(v) ar=gh g,\(ﬁ_g)'
Hence
—hi(t,z) = /jL(’u)i(i))\,(v)Mdv
5 z—(6/4) /\('U) 5 z—(5/4) )\"(‘U)
= 4/, £ ))\’(v) dv = ZG(t)ft Alv) ug
o128 A@)
=3 G(t)(l g 0 1 g)\(m_ (5/4)))
i AMz) 1 A(z) il Alz)
> ZG(t)(l Tt)— 3 log e “5)) > gG(t)l N
In addition,
Alz) 1w (v) =, @
Iog—)\—(a :/; - ) d'vzﬂ//t -z;dv—fylog?
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Because G(t) — oo as t — oo, we now obtain, for sufficiently large ¢
and z >t + 4, that -
W) —hiw) _ z N () A(t)
i(x) ° =P | ~halte) +los i)
z 1. Gz
—log = + 21
og - +2 og G(t))
o .
v ¥ Alz) T
~ i L _ b
> exp ( 3 Giz) + e G(t) log ) log t)

Eexp(%G(mj) — 00 as T — oo.

It follows that (I(7,)/l(n))e~"1(mm) _ o6 for any sequence {7,} with
T — 00 and 7, < n —F(A(n)/N (n)). Moreover, if |t — & >eellz) for
some ¢ > 0, then, as above, by [1, (17) and (19)],

1 5 2
—hi(t,z) > 1 L{z)(cl(z))* = T 0.

Suppose now that
Tn — 00 and limsup|r, —n|v/L(n) >0,
—00

so that |7, — n| > cl(n) for some ¢ > 0 and infinitely many n, and

hence,
2
—hi(mn,n) > 94— for all such n.

We consider three cases for these n.
(a) 7, = n infinitely often. Then
l(Tn) efhl('rﬂ,'nj > limsup e—hl("'m”J > 692/4 > 1.

lim sup ;

n—o0 n n—00

(b) 7 < n—F(A(n)/N(n)) infinitely often for some % > 0. In this
case we have, as shown above, that

l
lim sup \E(T—n) e~ hilmm) _

n—0o n
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(c) n—e(A(n)/N(n)) < 7, < n infinitely often for an arbitrary £ > 0.
Then

n 7,) = MTn) T An) T
I(n) > U(n) T e G(n))d(n}n n

Hence,

lim sup Z(T)) e~hailmmn) > (1 _Meo) e) lim sup e~ (m7)

n—oo l(n m01\!(5\}"4\')) n—oo
A(o) (1/4)c?

> l—- —— ¢ 1

- ( zo XN (o) E)e o

provided ¢ is sufficiently small. We have thus shown that

lim sup l(-—T?L)) e Mlmn) 5 1

n—oc n

if 7, — o0 and limsup,,_,, |7 — n|+/L(n) > 0.
Finally, let &, := —(¢'(n)/A(n)). Then, by [1, Theorem A], the
definition of A, and (6), we have that

V2mi(n) ~ &l2n) oz, > a2n) rozn _ Bn

a"ﬁ. aTb an

~ V2m U(t,)e 1 (Enom),

Hence )
lim sup ==~ ¢—h1{tnin) < 1,
1(n)

n—oo T -

Since t,, — oo it follows that we must have
lim [|t, —n|+/L(n) =
=0

Next, we have, by [1, (17) and (19)] that, for some ¢, ¢ lying between
tn and n,

L(n)(t, —n)%2 - 0.

Qo

it )] = 5 570 L) en =) <
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Also, for x > xq, € > 0,

m—i—el( )

Uz) < Uz +el(x)) < I(z) ~I(z) asz— o0

because (I(z)/z) > 0 by 5).

(
It follows that I(t,) ~ I(n) and, since hi(t,,n) — 0, that (Ap/an) ~
V2w l(n), and hence that > req(ax/Ag) = co. This completes the
proof. |

Proof of Theorem 4. We proceed as in [14, p. 52, [15, p. 486 using
the notation introduced in Lemma 3. Suppose that Ny is a large
positive integer, and choose a nondecreasing function h : [Ny, 00) —
(—oo,—0) such that z, = —h(n) for n > Ny. Observe that, by
Lemma 3, —h(t) \, o ast — oco. Let

ane}‘“h(ﬂ

a(—h(t))
Then c,(t) > 0 and Y ;o cx(t) = 1 on [Ng,00). Also, c,(t) — 0

as t — oo, because a(z) — oo as ¢ — o+ if ¢ > —oo, and
a(z)ern® > appePnAn4)2 o o0 as 1 — o = —oo. Next, let

() == ¥ . (ax/Ag). Then, by Lemma 3,

ofi+1) -6~ L2 0

Gill) =

and

BB \/% JT) dv— 00 88t — 0.

Hence conditions (i) and (11) of Lemma 2 are satisfied.

Since h(t) is nondecreasing, and since A, < a(zp)e* =
ApePe=ARK) for k n > Ny by the definition of A,, we obtain, for
t > M > No, that

[t]
1
#(t) QB(M E A E axe (Ax—Anr)h(k)
k= M+1 Moy
1 [t] - uh(i‘
S Y el = Z e hie),

M o m+1 E=M+1




814 D. BORWEIN, W. KRATZ AND U. STADTMULLER

Hence, if t > M — oo with o(t) —
R(t) > h(M), Ay < Ay, that

Akh(2) 1

M
ch( ) Z aﬁ(ce h(ﬁ)) m ZakeAk(h(M)Jrh(t)—h(M))
k=1

e (h(t)— hM)) M

e~ Aamh(M)
= h(M
= —————_a( h(t))e"\Mh(t) Z&ke k
< Ay 1

< 50
e—Aarh(t) ZE]:MH agesh(t) T @(t) — ¢(M)

Therefore condition (iii) of Lemma 2 is satisfied.

It follows from Lemma 3 that

T

%"—51 for alln € N, and kzl

Hence there exists I(n) € N such that

n+i(n)—1 3 n+i(n)
E <1< E ——<2 for n > Nj.
Ak Ak
k=n+1 k=n+t1

In addition, by Lemma 3, we have that I(n) ~ V2r I(n). For N >
t — o0, we put ng = [t], nz,*_lﬁn,,—i—l(ny)fory—[)12 .., and
o= a(t N) such that ngq; > N > n,. Then

Tpt1

H(N) — Z <Z ¥, is (a+1),

t]+1 V20 k1 Dk

P(M) — oo, we get, since

QY e
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so that a — oo whenever ¢(N) — ¢(t) — oo. For s > [t] we have that

> gt

k=s+1 V—S+1

o0 o0

_ Z zv Za erkh(t)

v=s+1 """ k=u

1 ) (h(t)—h(v})i Aph(v) L =2} (R()=h(1))
= —e™ ae A !
ah@) 2 A, 2. -
1 a
< By k() g Ah(®) g(_p,
i Z; s (~h(v))
oo
> Qv Auhlt),
2 a(=h(t)
Using this inequality with s = [t], we get that
oo
a
1 5 Z Y___ Awh(t) > Z ,\kh(t) Z LA,
v=[t]+1 a(=h(®) k=s+1 af~ v=s+1 Ay
00 Mudl ax k #
33 e 3 &
p=0k=n,+1 CL( h(t)) v=ng+1 AV
o0 Mu41 ax oy i
Arh(t v
2 2 o 25,
p=0k=n,+1 v=ng+l ¥
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| These inequalities for s = N vield that

D cr(t) (k) — (V)
k=N
fe's} 5 k
Z ak 9)‘“(3) Z i 0
k=N+1 Cb v=N+1 a( h t))
Ryl Nut1
A h(t) A h(t)
< 3 mewog S 3 .
v=ak=n,}1 CL( ( v=c —n,,Jrl )

< é — 0 when ¢(N) — ¢(t) — oo.

Thus condition (iv) of Lemma 2 is satisfied.

Finally, assumption (1x) of Theorem 4 implies that there exists ¢ > 0
such that s,,, 1 — s, > —c for n <m<n+ l( ) for all n > Ny, so that
s(u) = 5(t) > —cfor [t] +1 < [u] <[t]+1+([t]), t > Ny, (note that
I(n) ~ ~V2ni(n)). Let n >t > N,, and put to = [t], tyq1 = b+ 141(t,)

forv=0,1,...,74+1, with {1 > u > £.. Then
s(u) — s(t) = Z( S(tut) = (8)) + 5(u) ~ s(t) > ~(r + 1),
and
reS Z = 5 (Btern)-0) = 9t )—8000) = 80)—000)
Sl M

Hence, s(u) — s(t) > —¢(p(u) — #(t)) — ¢, which shows that condition
(v) of Lemma 2 is satisfied. Theorem 4 is now a consequence of Lemma
2. o

Theorem 5. Assume (C), and suppose that L(z) > 6 > 0 on
[%g,00), that s, = O(1)(Dy,), and that condition (2) of Theorem 3
holds with some positive constant ¢. Then 8n = O(1).

The proof is based on the following estimates.
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Lemma 4. Assume (C), and suppose that L(x) > & > 0 on [zo, 00).
Let

h(k,m) = g(n) — g(k) — (A(n) = A(K)) %E—j’g
ap = —h{n,n —1), Bn = —h(n—1,n)

as in Theorem 3, and

Ak

— AT
€
a(z)

éxlm] = for x>0
Then there ezist c; > 0 and 1 > o such that the following estimates
hold for m € N with n > x;:

(i) h(k,n) < _—%fyélk —n| forall ke N, k >z, where

4 := min (%,e’”"(%)/k(wo)) . Also Z ehlbn) < ¢

k=z

(ii) —1— ﬁAr <1 with A, defined as in Lemma 3.

ﬁ

AMn+1)—AMn) > - (/\(n) Mn—1)), and

)\(nﬁ l)AA(n—Q) > y(A(n) — AMn — 1)).
i
(iv) Z hlkin) < cle"(l/z)‘s"’("_MH) for M <n+1,

k=z;
and
oo k
Z z k n)+c¥u S cle—(;",‘(N—nfl) fOT N Z n + 1.
k=N v=N
/
(v) ex(z) < cre"®™  for gll k> z1, where T = — iﬁg

(Vi)  cr(z) < etlbmtfltl=an 4t o> p
Ck(fﬂ) S Cleh(k!n)_(l/z)(an'h@n*f(t)) 3f k Z n -+ 11
ex(z) < crePbr=D=7® 4f g <k <n-2,
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ce(z) < crehlom—Uton—F@) 4 0 < p < 1;

g'()
X(t)

£(t) = (Mn) = Mn = 1) (5\18 NEZ - 3)

for x = — witht € [n—1,n], and

Proof. The first inequality in assertion (i) holds by [1, (10) and (11)].
Hence

oo 00 oo
Z eh{k,n) % Z e—(l/Z)'yﬁ\k—n[ < 226—(1/2)7(% =¢; < 00,

k=x k=x, k=0

which is the second inequality in assertion (i). For z > o, n € N, we
have that a(z)eM® > g, e*n%e=rno — = an, S0 that A, > a,. Moreover,
since a, ~ e 9% it follows that

Ay, <Zak ~(n=2e) (¢ (n)/N (n)) Z MEn) < o < o0

G.
" k=z;

by (i), and this establishes (ii).
By (C), we have that

A(n+1) = A(n) = [ N(u+1) du

_f" (+ DNt DAu+1)
o AMu+1) w+1

" ouX (u) )\(u ,
2| e [ v

> 2(Am) = Aln ~ 1),
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(since %I )

>

() exp (— /

- )\(TL - 1))3

f f((«?f)) de

Hence (iii) holds.

Zo
< —logH.

819

The first inequality in (iv) follows directly from (i). In [1, Proof of

Lemma 1] it is shown that

hik,n)+ max (—h(j,j—1)) < —dy(k—n—1)

(7) n+1<i<k

fork>n+1.

Hence, it N > n+1, then

o0
_ €~57{N—n—1) Z(k 7. 1)6’77&6,

which yields the second inequality in (iv).

Since an ~ e 9 and a(z) > an,e <, we have that, for z

=(g'(n)/ X (n)),

e (7) < €1~ 9E A== MEN (S (WX (M) _ ¢ ohlem)

N)elbm) - max

= N)efd"v(k—n—l)
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which establishes (v).

By our assumptions and the notation in assertion (vi), we have that
n—1<t<n 0= fln=1) < f(t) < f(n) = Gn + B, because
fF(m) = (¢ (r)/N(r)) > o. Also, a(z) > max(ane—"ﬂx,anﬁle"’\"—l"‘).
It follows that, for all k >z,

cx(z) < crexp {gg(k) + A(k) g

N (t)

(8) + min (g(n)—/\(n) %E—g, Q(n—l)—/\(n—l) %)} :

First, if k > n, then

gln—1) — g(k) + (Ak) = A(n — 1)) %
= h(k,n) + f(t) - an + (Alk) — A(n)) (%% = z—:%)
< hik,n) + £(2) — an,

D

which yields the first Inequality in (vi) by (8).
Next, if k > n + 1, then by assertion (iii),

g(n) — g(k) + (A(k) — A(n)) i_:%

< h(k,n) + (A(n) — A(n + 1)) (% - %)

)= 00 - 20n- ) (23 - £10)

= hkm) = 2 (e + B — £(0)), |

which yields the second inequality in (vi) by (8).
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If 21 <k <n—2, then by assertion (iii),
g'(t)
gn—1)—glk)+ ()\(k) - An — 1)) Y1)

R )

<Hin=D+00-9-30-)(i 5 )

o1 4553
= h(k:,n - 1) - fyf(t),

so that the third inequality in (vi) holds by (8).
Finally, if 1 < k <n —1, then

g'(t)
N(t)

g9(n) — g(k) + (A(k) — A(n))

= Wk 1)+ 00 1) + (00~ o-1) (£ - 1)
<l )+ a0~ 1),

which shows, by (8), that the last inequality in (vi) holds. o

Proof of Theorem 5. In this case Vijayaraghavan’s theorem, i.e.,
Lemma 2, cannot be applied directly, but our method of proof is
based essentially on the same techniques as Vijayaraghavan developed.
Using the notation of Lemma 4 we model our proof on the proof of
Theorem 238 in [8, pp. 308-312]. We suppose that s, # O(1), i.e.,
limsup,, . [$n| = 0o and shall prove that this leads to a contradiction.
Since

o0
o(z) = Zskck(ff) =0(1) asz— o+,
k=1
the sequence {s,} cannot tend to either +o00 or to —co. We write

o1(t) = 8% 5n and  oy(t) := jpax (—sn)-
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Hence oy (t) and o3(t) are nondecreasing and o1(t) = oo or a3(t) — oo
as ¢ — oo. There are two possibilities: either

(@) o1(n) > o2(n) for infinitely many i, or
(8) o1(n) < o2(n) for all sufficiently large n.

We consider these two possibilities in turn and show that each leads to
a contradiction.

Case (). Since condition (a) implies that o1(n) — coasn — oo
and, since s, - 00, so that s, < & < oo for infinitely many n and some
¢ >0, it follows by our assumptions that there exists Hy > 0 such that
for all H > Hy there is a minimal M = M(H) e N, M > x4, with

(9) S]‘({:O']_(M)>2H and Jl(M)ZO'Q(M),
and there is a minimal N = N(H) > M with

1
(10) SN < 5 Sir-
Of course, M(H) ,/ oo as H — co. It follows from (9), (10) and the
Tauberian condition (2) that

N N
SN — Sy = Z {8k — Sk—1) > —c Z Ag,
E=M+1 k=M+1
and .
SN*SMS*§SM<—H.
Hence
N
s H
(11) Z AkE—M>——>oo as H — oo.
2¢ c
k=M41
For z > o, let

M-1 N—-1 oo
o(z) = ( +X 4+ )skck(sc) =:71(x) + T2 (2) + 73(2).
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t, by (9)7

M-1 M-1 M—-1
n(@) = Y seck(z) > —0a(M) Y ci(z) 2 —a1(M) Y ci(a).
k=1 k=1 k=1

Second, since N > M is minimal such that (10) holds, we have that

N-1

SM Z ck(:c).

k=M

B =

N-—1
Tz(ﬂ'}) = Z skck(a:) >
k=M

Third, if kK > N, then by (2), and since sy_1 > (1/2)spr by (10), we
have that s — sy_1 = ZizN(sv —8p=i) 2= CELN A, so that

[s¢]

sper(T) = sy_1 Z crlz) + i (8% — sn—1)ex(z)

k=N k=N

3

T3(x) =
k=

00 oo k
> % Snr Z cp{z) —c Z Z Ayl
k=N

k=Nv=N

=

Altogether we have shown that

o0

M—1 'S} k
o@) 2 —su Y cale) + o Y @) —e Y Y Avaul),
k=1

k=M k=N v=N
that is,
1 g M-l ok
(12)  o(z) > sy (5 = ; ck(sf;)) = c};\];Ayck(m).
We consider two cases.

Case (al). limsupy_,(N(H) -~ M(H)) = co.

Let n = n(m) := [(N(H,,) + M(Hy))/2] such that N — M =
N(Hy,)—M(H,,) — coasm — oo. Then N—n — occandn— M —
as m — o0. Put x =z, := —(¢'(n)/A'(n)). Then, by parts (iv) and
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(v) of Lemma 4 and, using that c;(t) — 0 as ¢t — o+, we get that, as
m — oo,

M—1 M-1
ck(z) <o(l) +¢; Z At o) gre PO RDE
k=1 k=x1

and
oo k oo k
>3 Al sa . 3 Mo < gesivah g
k=N uv=N k=Nuv=N

Therefore, by (12) and (9), o(z) = o(z,) — oo, contradicting our
assumption that o(z) = O(1).

Case (a2). N(H)— M(H) < ¢5 < oo for all H > Hy and some
cop > 0.

By (11), there exists n € {M + 1,... , N} such that

H
>— —x as H — co.

11’ A, >
( ) - 20(,2 CcCo

Now choose t = t,, € [n — 1,7] such that

0=f(n-1) < f(t) = min (an,% logsM)

< oy, +5n:f(n):

(13)

so that f(t,) — oo, and put z = z,, := —(g'(tn)/N (t.)). Then, by
parts (i), (iv) and (vi) of Lemma 4 and (13),

M-1 n—2 n—2
Z ce(z) < o(l) + Z ce(z) < o(l) + ¢ Z eh(bmn—1)—7f(t)
k=1 k=z, k=z,

<o(1) + e~ t)
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0o k
> D> Aver(@)
k=N v=N
o0 k
TS aa=aSaws 3 3 Aaw)
k=nv=n k=n+1v=n+l
< Zean+h(kn Y+ f () —an +a Z Z h(k,n)+ f(t)—onto.
k=n k=n+1vr=n+1

< Clef(t) Zeh(k,n) doigy Z Z eh(k,n)+au
k=n

k=n+1v=n+l

< f(vem +1) = o(sm).

Therefore, by (12) and (9), o(z) = o(z.) — oo, contradicting the
hypothesis that o(z) = O(1). Thus case (a) leads to a contradiction.

Case (B). 01(n) < ga(n) for all n > Ny. This implies that o2(n) — oo
as n — oo and, since s, -+ —oo so that s, > —¢& > —oo for infinitely
many n and some ¢ > 0, it follows, by a similar argument to the one
used in case (), that there exists Hy > 0 such that for all H > Hg
there is a minimal N = N(H) € N with

(14) sy =—02(N)<—2H and o1(n) <oz(n) foraln=>N,
and there is a mazimal M = M(H) < N, M > z, with

1 1
15 > —go(N)==
(15) sm 2 — 5 02N} = 5 m,
so that s, < sy/2 for M < n < N, by condition (8). Of course,
N(H) / 00 as H — oco. It follows from (14), (15), and the Tauberian
condition (2) that

SN —8M = E (8 — Sp—1) = —¢ E Apg,

k=M+1 k=M-+1
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and 1
SN—SMS§SN<‘H.

Hence
N
H
(16) Z Akzk%]\i>——>oo as H — oo.
k=M+1 € e

For z > o, let

=N+ 3+ 5

)sm = 11(2) + 7a(2) + 7a(2).
=1 E=M4+1 k=N+1

First, by (14),

Ma

M M
T1(2) =Y " sicr(z) < o1 (V) Y exlz) < (N )> ez

k=1 k=1 k=1
Second, since M < N is maximal such that (15) holds, we have that

N N

Ta(z) = Z skck(m)gféag(N) Z Ck(I)Z%SN Z cx ().

k=M+1 k=M-+1 k=M-+1

Third, if k£ > N + 1, then by (2) s —sy > —c3F_ N1 Av, so that

oo (k) = l?f‘;“k(‘s”) < —sy+c %IAV,

because a3(N) = —sy by (15). Hence, by (14),

n3(z)= Y sew(@) < Y or(k)e() < Y oalk)en()
k=N+1 k=N+1 k=N+41

oo oo k
< —sy Z cu(z) + ¢ Z Z Ayci(z)
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Altogether we have shown that

M 1 i
J(w)S—SNZCk($)+§SN Z cr(z)
k=1

k=M+1

o0 o0 k
— SN Z Ck(I)+C Z Z A,,Ck(m),

k=N-+1 k=N+1 v=N+1
that is
g M oo
o(z) < SN( ~ 5 ch =% Z c;g(x))
(17) k=1 k=N+1

k

+ec Z Z A cp(z).

k=N+1 v=N+1

Again we consider two cases.

Case (B1). limsupy_,.(N(H) — M(H)) = oo

827

Let n = n(m) := [(N(Hp) + M(Hnm))/2] such that N — M =
N(Hpn)—M(H,) — casm — oco. Then N—n —occandn—M — o0
as m — o0, Put z = x, := —(g¢'(n)/N(n)). Then, by parts (iv) and
(v) of Lemma 4, and using that cg(t) — 0 as t — o+, we get that, as

m — 0o,
M
ch —0—clzeh““‘ < o(1) + Fe07(n= M)2 5,
k—ml

and (since Ag > 1 for all k)

oo 7] k
Z cplz) < Z Z Aver(z) < Z Z
k=N-+1 E=N+1 v=N+1 k=N+1 v=N+1

< c%e*‘h(N_”) — 0.

h(k,n) o

Therefore, by (17) and (14), o(z) = o(xn) — —o0, contradicting our

assumption that ¢(z) = O(1).
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Case (82). N(H) — M(H) < ¢5 < oo for all H > Hy and some
¢z > 0. By (16), there exists n € {M +1, ... , N} such that

(16") Anzfiv—>£—>oo as H — oc.
2cey cCy

Now choose ¢ = t,, € [n — 1, n] such that

(18) O:f(n—l)Sf{t):an-l-%ﬁnSan‘f‘ﬁn:f(n),

and put z = x, := —(¢/(¢,)/X(ts)). Then, by parts (iv) and (vi) of
Lemma 4, (18) and (16/),

M n—1 n—1

> (@) <o(1) + 3 alz) <o(l) +¢ Y ehlen—tan—st)

k=1 =z k=z,

n—1
< o(1) + e An/2) Z ghifin-1) 2 o(1) + 5 A2 — p,

."c:wl
and
%3] fe's) k 00 k
2 a@< X Y Aa@s Y Y A
k=N+1 k=N+1v=N+1 k=n+1v=n+1

oC k
<a ), 3 ehlhm—(@nttut(6)/2+a,
k=nt1v=n+1

oo k
= e B/ N7 N ehlemiten < 24174,
k=n+1wr=n+1

Therefore, by (17) and (14), o(z) = o(zn) — —o0, contradicting the

hypothesis that o(z) = O(1). Thus case (8) leads to a contradiction,
and this completes the proof of Theorem 5. a

REFERENCES

1. J. Beurer, D. Borwein and W. Kratz, Two Tauberian theorems Sfor Dirichlet
series methods of summability, Acta Sci. Math. (Szeged) 65 (1999), 143-172.



ONE-SIDED TAUBERIAN THEOREMS 829

2. N.H. Bingham, C.M. Goldie and J.L. Teugels, Regular variation, Cambridge
Univer. Press, Cambridge, 1987,

3. D. Borwein, Tauberian and other theorems concerning Dirichlet’s series with
non- negative coefficients, Math. Proc. Cambridge Philos. Soc. 102 (1987), 517-532.

4. , Tauberian and other theorems concerning Laplace transforms and
Dirichlet series, Arch. Math. (Basel) 53 (1989), 352-362.

5. D. Borwein and W. Kratz, An O-Tauberian theorem and o high indices theorem
for power series methods of summability, Math. Proc. Cambridge Philos. Soc. 15
(1994), 365-375.

6. , A high indices Tauberian theorem, Acta Sci. Math. (Szeged) 64 (1998),
143-149.

7. D. Gaier, Der allgemeine Lickensatz fiir das Borel- Verfahren, Math. Z. 88
(1965), 410-417.

8. G.H. Hardy, Divergent sertes, Oxford University Press, London, 1949.

9. G.H. Hardy and J.E. Littlewood, A further note on the converse of Abel’s
theorem, Proc. London Math. Soc. (2) 25 (1926), 219-236.

10. A.E. Ingham, On the ‘High-Indices Theorem’ of Hardy and Littlewood, Quart.
J. Math. Oxford 8 (1937), 1-7.

11. A. Jakimovski and H. Tietz, Regularly varying functions and power series
methods, J. Math. Anal. Appl. 73 (1980), 65-84,

12. A. Jakimovski, W. Meyer-Konig and K. Zeller, Power series methods of
suminability: positivity and gap perfeciness, Trans. Amer. Math. Soc. 266 (1981),
309-317.

13. M.L. Kales, Tauberian theorems related to Borel and Abel summability, Duke
Math. J. 3 (1937), 647-666.

14. R. Kiesel, Taubersdtze und starke Gesetze fiir Potenzreihenverfahren, Disser-
tation, Ulm, 1990.

15. R. Kiesel and U, Stadtmiiller, Tauberian theorems for general power series
methods, Math. Proc. Cambridge Philos. Soc. 110 (1991), 483-490.

16. W. Kratz and U. Stadtmiiller, Touberian theorems for Jp-summability, J.
Math. Anal. Appl. 139 (1989), 362-371.

17: , O-Tauberian theorems for Jy-methods with rapidly increasing weights,
J. London Math. Soc. (2) 41 (1990), 489-502.

18. , Tauberian theorems for Borel-type methods of summability, Arch.
Math. (Basel) 55 (1990), 465-474.

19. V.K. Krishnan, Gap Tauberian theorem for logarithmic summability (L),
Quart. J. Math. Oxford 30 (1970), 77-87.

20. E. Landau, Uber die Konvergenz einiger Klassen von unendlichen Reihen
am Rande des Konvergenzgebietes, Mh. Math. 18 (1907), 8-28.

21. R. Schmidt, Die Umkehrsdtze des Borelschen Summierungsverfahrens, Schrif-
ten Konigsberg 1 (1925), 205-256.

22, , Uber divergente Folgen und lineare Mittelbildungen, Math. Z. 22
(1925), 87-152.




—ea

830 D. BORWEIN, W. KRATZ AND U. STADTMULLER

23. U. Stadtmiiller, Tauberian theorems for weighted Laplace transforms, Anal-
ysis 13 (1993), 159-183.

24. U. Stadtmiiller and R. Trautner, Taubertan theorems for Laplace transforms,
J. Reine Angew. Math. 311 (1979), 283-290.

25. H. Tietz and R. Trautner, Tauber-Sdtze fir Potenzreihenverfahren, Arch.
Math. (Basel) 50 (1988), 164-174.

26. T. Vijayaraghavan, A Tauberian theorem, J. London Math. Soc. (1) 1 (1926),
113-120.

27. , A theorem concerning the summability of series by Borel’s method,
Proc. London Math. Soc. (2) 27 (1928), 316-326.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WESTERN ONTARIO, LONDON,
ONTARIO, CANADA NGA 5B7
E-mail address: dborwein@uwo.ca

ABTEILUNG MATHEMATIK, UNIVERSITAT ULM, D-89069 ULM, GERMANY
E-mail address: kratz@mathematik.uni-ulm.de

ABTEILUNG MATHEMATIK, UNIVERSITAT ULM, D-89069 ULM, GERMANY
E-mail address: stamue@mathematik.uni-ulm.de



