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Weighted Mean Operators on I,

David Borwein

Abstract. The weighted mean matrix M, is the triangular matrix {ax/Ar}, where 2, > Oand A, :=a) + a3 +
-+ -+ ap. It is proved that, subject to n“a, being eventually monotonic for each constant ¢ and to the existence
of o := lim 22, M, € B(l;) for 1 < p < coifand onlyifa < p.

Introduction

Let a := {a,} be a sequence of positive numbers, and let A, := a; +a; + - -- +a, > 0. The
weighted mean matrix M, := {a,} is defined by

% for1<k<mn,
Qi 1=
0 fork>n

The M,-transform y = {y,} of the sequence x = {x,} is given by
1 n
Pui= (MaX)pi= — > @iy
An k=t

Suppose throughout that

] (|
l<p<oo, —+-=1,
P 14
and define
I & ny\1/»
o(n) = AT,, ;ak ('k') )
oo - k 1/q
O'z(k) = Z f (H) ’
n=k "
o= supo'l(n), g 1= Supaz(k)-
n>1 k=1
Let

IMallp := sup [|Maxl|p,

flxllp <1
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where

el 1= (3 )

n=1
so that M, € B(l,), the Banach algebra of bounded linear operators on I, exactly when
| Mg\ is finite (in which case it is the norm of M,).
Concerning criteria for M, € B(l,), Cass and Kratz [6, Theorem 2] dealt completely
with the case when 4, is generated by a logarithmico-exponential function, that is when

(LE) a, := €(n), where £(x) is a positive logarithmico-exponential function

for all sufficiently large positive values of x. In [7] Hardy defined, and investigated the prop-
erties of, logarithmico-exponential functions. He described a logarithmico-exponential
function on [xg, 00) to be a real valued function defined by a finite combination of the or-
dinary algebraic symbols (viz. +, —, X, +, /) and the functional symbols log(-) and €,
operating on the variable x and on real constants. In [6] Cass and Kratz showed that 2=
tends to a finite or infinite limit when (LE) is satisfied, and proved essentially: !

Theorem CK Suppose that a, is given by (LE), and that ::;" — a. Then M, € B(l,) if and
only ifa < p, in which case

B 08 < Mg, < C’i/qayp

D
and limy_, o0 01 (1) = limy_, 00 02(k) = E;La'
The following theorem due to Cartlidge (5] (see also Borwein (3, Example 3] and [4,
Theorem 2]) gives a particularly simple sufficent condition for M, € B(l,):

Theorem C If a, is eventually non-decreasing, then M, € B(1p).

Bennett [1, Theorem 2] has established necessary and sufficient conditions for M, €
B(l,). Though relatively simple in form, Bennett’s conditions are more difficult to apply in
specific cases than those in the above two theorems.

The aim of this paper is to show that the requirement in Theorem CK that a, be gener-
ated by a logarithmico-exponential function can be replaced by a far less restrictive mono-
tonicity condition. To this end we shall prove:

Theorem 1 Suppose that :—;ﬂ — a, and that, for every constant ¢, nay, is eventually mono-
tonic. Then M, € B(l,) if and only if o < p. Further, if 0 < a < p, then

p 1/q 1t
—— <M, £ ‘leqazfp

p—a

and limn_;co U](ﬂ) = llmk%m O‘z(k) = ;)-EE'

Remarks The monotonicity condition in Theorem 1 is satisfied by any sequence generated
by a logarithmic-exponential function as in Theorem CK.
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An example of a family of sequences {a,} satisfying the conditions of Theorem 1 but
not the logarithmico-exponential condition (LE) is afforded by setting

a—1

X
a, = f(n) forn >3, where f(x) :=f t dt witha > 0.
2

log® ¢

'ljhis can easily be demonstrated. Though t*~!log™* ¢ is a logarithmico-exponential func-
tion its integral f(x) is not. The monotonicity condition holds since, by partial integration,

Fi) e — x i
alof = asx—oc, and f(x) > ;i_og‘Tc for large positive x,

so that

d . x*
d—xx‘f(x) = x°1 (alog“x+cf(x))

is eventually positive if ¢ > —1 and eventually negative if ¢ < —1. Further

n

E K I patl A
A i a b f dt e e e e n 1
n 2 alog’ k , alog't ala+ )log'n’ whence 5 e,

Preliminary Results

Lemma 1 Suppose that %» — [3 where 0 < 3 < oc. Then

lim n°A, = % few ~f,
#3200 0 ifce<—p.
Proof Let

_ Nan

ﬁn: A_n

Suppose first that ¢ < § < co. Then, as n — oo,

n(logA, —logA,_;) = —nlog (1 - &) - 3,
n

and hence

n
logA, —logA, = — Zlog (1 - %) =(B8+e¢,)]logn, wheree, — 0.
k=2

Consequently A, = A;n?**, and the desired conclusion follows.
Suppose now that 3 = oco. Then, forn > 2,

n

logA, —logA,_; = —log (l - &) 2 &,
n
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and hence " g
logAn = Z Tk = 7, logn, wherevy, — o0.

k=2
|

+ n
It follows that, for any real number ¢, 1A, = 1T — 00,

< B < oo, and that n‘ay is eventually positive and increasing

2 Suppose that 0 .
Lemme e B, and eventually decreasing whenc < 1 — 3. Let .'

when the constantc > 1 —

1 " ak k = . 1
si(n) == 7 Z a—" (E) LS E’ {
k=1
o
a 1 .
s(k) == K z E’; = gl withv := q'

n=k

i =1
(i) If3 >4, then limy— 00 51 (1) = liMk—00 s2(k) = 35+
(i) IfB < 6, then limy— 00 51(11) = 00.

Proof Letl > >1-8>a Then in either case there is a positive integer N such that
TOO! 1 .

5‘”<a_k<(i)" forn> k> N.
n T ay,  \1

Suppose first that 3 > 6. Then

lim n'~%a, = oo,

n—roC
d hence _ .
e i 150 (5 =
nl?g.o—ﬁ_[ Fan; an n
Therefore

1 n k ——6 1 5 1
: U = —a=dy = ———
limsup51(ﬂ) Snlglgo;;(n) fo X 1—c¢—0

n—oo

and L [k —e—8 1 ; 1
% : — F— —6— d = *
limmfsl(ﬂ)?.nli{{}o;;(n) fu * » _1——62—‘5

n—co

Letting ¢; — 1 — 3 from the rightande; = 1— G from the left, we get that lim, e 51(1) =
-ﬂl_s. Also

0o 1 1

oo k —C) 1 = 1i Ko E — 4
lim sup s;(k) < kl_i_)rgok” Z (— Tt T P ;S
n=k

n
k—+ro0
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and similarly

1. . f k > i V—Cy _—
misfa® 2 Jim #70, oms
n=

v—¢y

Again letting ¢;, — 1 — 3 from the right and ¢ — 1 — 3 from the left, we get that

limg_ o0 52 (k) = B«}g, and this completes the proof of Part (i).

Suppose next that 3 = 4. Then as above we get that

liminfs, (n) >
H— 00

1—c2—5’

which tends to infinity as ¢, tends to 1 — 3 from the left. Thus s;(n) — oo in this case.

Suppose finally that 5 < §. We can now assume that 1 — 3 > ¢; > 1 — ¢ and obtain
that, forn > N,

-
: I (k\ 77 T
sl(n)z—g - >IN o0 asn — oo. L
n i\ n

The following lemma is a special case of a known result [2, Theorem 2].

Lemma 3 If {b,} is a sequence of positive numbers, and if

i . iﬂk (bk)lfp< 7 iak (bn)l/q<
1 = 8su —_— - CcO  an = su =] = 00,
nzrl, k=1 An bn H kzli’ " An

then M, € B(l,) and |M,||, < py 43"

Lemma 4 If {b,} is a bounded sequence of positive numbers such that 3 b, = oo, and if; as
n— 0o,

n ar [ by 1/p
Z hal, S o — o (finite or infinite),
Ap \ by

k=1

then ||M,||, > o.
Proof Observe that if

n b ~1
D, = (1 — —k) where b > sup by,
s b k>1

andd, := D, — D,_, forn > 2,then b, = bgm and D, — oo. The desired conclusion is
now a consequence of a known result {2, Theorem 4]. |
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3 Proof of Theorem 1 since k—9/2A; is bounded. Hence

- An 1]
Case I: @ = lim,,, o0 =0 By Lemma 1, we have that %} ~ 00, and hence that g, = o % ol con e
’%:' . % — 00. The theorem’s monotonicity hypothesis thus implies that a,, is eventually n
non-decreasing, and it follows, by Theorem C, that M, € B(l,). o
& vl ’ “ (p) Again it follows, by Lemma 4, that M, ¢ B(l,). [ |
Case2:0 < a < p Since A, ~ anay, it follows from Lemma 1, with 3 := 1/q, that
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Hence, by Lemma 3, M, € B(l,) and ||M,||, < J:/qai/P. and, by Lemma 4, | M,|, > ;&;.
This completes the proof of the case 0 < a < p of Theorem 1.

Case3: p < a < oo Asin Case 2 we have that a, satisfies the monotonicity conditions of
Lemma 2, and hence, by Part (ii) of that lemma, ’

I n\1/p
o,(n) :=A_,,Zak(E) ~ f3s;(n) > co asn — oo.
k=1

It follows, by Lemma 4, that M, ¢ B(l,).

Case4: o = lim,_, o0 :T",, = 0o Observe that a,, which is assumed to be eventually mono-

tonic, cannot be eventually non-decreasing, for if it were then :T" would be bounded.
Hence a, must be eventually non-increasing. As before let § := 1/p. Suppose first that

A,, tends to a finite limit as # — oo. Then

=g T ()2 L S () 2t i
oyin .—Ank:l k p = k=lﬂk p ~n A—u—>oo asn —» co. \

Suppose finally that A, — co. Note that, by Lemma 1, for every e > 0, n7¢A, — 0 as
n— o0o. Let M = sup,,»,; . Then0 < M < co and

0]

B kZakk"'s < MZ:A,;C.k_I_‘s < 00,
=1 k=1



